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Abstract
We introduce the notion of asymptotically finitely generated contact structures,
which states essentially that the Symplectic Homology in a certain degree of any
filling of such contact manifolds is uniformly generated by only finitely many Reeb
orbits. This property is used to generalize a famous result by Ustilovsky: We show
that in a large class of manifolds (including all unit cotangent bundles) each carries
infinitely many exactly fillable contact structures. Moreover, we show that S4m+1
carries more different fillable contact structures then the Ustilovsky examples.
Along the way, the construction of Symplectic Homology is made more general and
a clarified proof of Cieliebak’s Invariance Theorem for subcritical handle attaching
is given.
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1. Introduction
1.1. Main results
This paper considers closed contact manifolds (Σ, ξ) which are exactly fillable. That
means that there exists a manifold with boundary V and a 1-form λ on V , such that
∂V = Σ, ξ = kerλ|TΣ and ω := dλ is a symplectic form. This last condition au-
tomatically implies that dimV = 2n is even and that dim Σ = 2n−1 is odd. Ex-
amples of exactly fillable contact manifolds are given by the unit cotangent bundle
S∗M = {(x, v) |x ∈M, v ∈ T ∗xM, ||v||g = 1} of any closed Riemannian manifold (M, g),
whose filling is the unit disk bundle D∗M = {(x, v), ||v||g ≤ 1} with its tautological
1-form θ.
In such a setup, one can construct the Symplectic (Co)Homology SH∗(V ) resp. SH∗(V ),
which are symplectic invariants of V . This (co)homology is closely related to the contact
structure on Σ, as its generators can be identified with either critical points of a Morse
function on V or closed Reeb orbits on Σ (see 2.1, 2.3 for details). The closed Reeb
orbits alone generate a variant of SH∗(V ), the so called positive Symplectic Homology
SH+∗ (V ).
This connection was used to prove the result by I. Ustilovsky, [37], that the standard
spheres S4m+1 carry infinitely many different exactly fillable contact structures not dis-
tinguished by algebraic topology. The proof was first carried out in [16]1 and later by
1Using Rabinowitz-Floer homology, which can be thought of as a relative version of SH.
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Kwon and van Koert, [25], and Gutt, [22], using a variant of SH, namely S1-equivariant
Symplectic Homology. These so called exotic contact structures on S4m+1 can all be
described as Brieskorn manifolds Σp, p ≡ ±1 mod 8 (see section 4).
One way to construct new exactly fillable contact manifolds from given ones is by at-
taching a symplectic handle to the filling (V, λ) along the boundary Σ (see section 3).
The effect of this procedure on (Σ, ξ) is that of contact surgery, for example contact con-
nected sums. Particular interesting is the connected sum of any exactly fillable contact
manifold with a standard sphere carrying an exotic contact structure, as the underlying
differentiable manifold stays unchanged. In general, it is unknown if this gives always
different contact structures on the same manifold. However, we will show in this paper
that at least for a subclass of exactly fillable contact manifolds one obtains infinitely
many different contact structures via connected sums.
Let us here briefly describe this subclass (see 2.7 for the exact definition): A contact
form α for ξ is a 1-form such that ξ = kerα. The Reeb vector field R of α is the unique
vector field on Σ such that α(R) = 1 and dα(R, ·) = 0. A transversely non-degenerate
closed Reeb orbit γ has a Morse-Bott index µ (see 2.6). We call a contact structure
asymptotically finitely generated (a.f.g.) in degree k with bound bk(ξ) if there exist se-
quences of functions fl : Σ→ R and numbers (al) ⊂ R with log al − fl ≤ log al+1 − fl+1
and liml→∞(log al − fl) =∞, such that for a reference contact form α and each contact
form αl := e
fl ·α hold that all contractible Reeb orbits of length less than al are trans-
versely non-degenerate and that of these orbits at most bk(ξ) have index k. Note that
αl = α ∀ l, i.e. fl ≡ 0, is permitted.
There exist exactly fillable contact manifolds (Σ, ξ) which are not a.f.g.. In fact, McLean
showed in [30] that if Σ admits a Stein fillable contact structure, then there exists on Σ
a contact structure ξ with a filling (V, λ), such that rkSHk(V ;Q) =∞ ∀ k. This shows
by Prop. 7, that ξ cannot be a.f.g. in any degree k. However, we have the following two
general existence results (Prop. 2 is shown in App. A):
Proposition 1. Let M be any closed manifold, dimM ≥ 3, and let (S∗M, ξstd) be its
unit cotangent bundle (provide by a Riemannian metric g) with its standard contact
structure. Then ξstd is a.f.g. in every degree k < 0 with bound bk(ξstd) = 0.
Proof: This is closely related to the fact, that the Symplectic Homology SH∗(D∗M) of
the unit disk bundle of M is isomorphic to the singular homology of the free loop space
Λ(M) of M (see [1]). More explicitly, closed Reeb orbits γ on S∗M can be understood
as closed geodesics on M . Then, γ can be seen as a critical point of a Lagrangian action
functional L on Λ(M). Its Morse index µMorse(γ) is the dimension of a maximal subspace
of TγΛ(M) on which the Hessian of L is negative definite. As such, µMorse(γ) ≥ 0.
Moreover, it was shown by Duistermaat in [13] (in the non-orientable case by Weber in
[41], Thm. 1.2) that µMorse(γ) = µCZ(γ), so that µCZ(γ) ≥ 0 for all closed Reeb orbits
γ (in the non-orientable case we have to assume that γ is contractible).
If we choose a contact from α (resp. a Riemannian metric g) for ξstd such that all closed
Reeb orbits are transversely non-degenerate and set αl = α ∀ l, then no closed Reeb
orbit of αl has index k < 0. Hence, ξstd is a.f.g. in all degrees k < 0 with bound
bk(ξstd) = 0.
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Proposition 2. Let (Σ, ξ) be a closed exactly fillable contact manifold such that there
exists a contact form α for ξ whose Reeb flow is periodic. Then ξ is a.f.g. in every degree
k ∈ Z with |k| ≥ 3n. If the mean index ∆(Σ) of the principal Reeb orbit is non-zero,
then ξ is a.f.g. in every degree.
Examples for exactly fillable contact manifolds which admit periodic Reeb flows are
given by the standard spheres S2n−1, all Brieskorn manifolds (see 4.1), prequantization
bundles (Boothby-Wang bundles) and unit cotangent bundles of manifolds admitting a
periodic geodesic flow such as Sn, CP n/2 or all lens spaces.
Starting from these initial examples of a.f.g. contact structures, one obtains more exam-
ples by taking iteratively contact connected sums, as shown in the following proposition
proved in 3.5. In particular all boundaries of subcritical Weinstein domains are a.f.g..
Proposition 3. Let (Σ, ξ) be a (2n−1)-dimensional closed contact manifold such that
the contact structure ξ is a.f.g. in a degree j with bound bj(ξ). Let α be a contact form
for ξ and let fl : Σ → R, αl = efl ·α and (al) ⊂ R be the sequences that show that ξ is
a.f.g.. Assume that (Σ̂, ξˆ) is obtained from (Σ, ξ) by a (k−1)-surgery, 1 ≤ k ≤ n, k 6= 2,
along an embedded isotropic sphere S ⊂ Σ, dimS = k−1, such that any αl-Reeb chord2
of S is longer than al. Then ξˆ also a.f.g. in degree j with bound
bj(ξˆ) =
{
bj(ξ) + 1 if j = (n−k)(2N+1) + { 01 , N ∈ N
bj(ξ) otherwise
.
Moreover, the contact forms (βl), that show that ξˆ is a.f.g., can be chosen to agree with
(αl) outside an arbitrary small neighborhood of S.
Remarks. • The condition k 6= 2 is needed, as 1-surgery can change contractible
loops into non-contractible and vice versa. As the a.f.g. condition is used in this
paper only for contractible orbits, we have to exclude this case. However, for
subcritical Weinstein manifolds, one can drop this restriction as the number of all
closed Reeb orbits of αl of length less than al can be uniformly bounded.
• The Reeb chord condition cannot be satisfied if αl = α ∀l is a fixed contact form
with periodic Reeb flow. However, we show in appendix A, that in this situation,
we can perturb α to obtain a sequence αl = e
fl ·α which also shows that ξ is a.f.g.
(maybe with different bound bj(ξ)) and no αl has a periodic Reeb flow.
• If S is subcritical, i.e. dimS = k−1 < n−1, then the Reeb chord condition can
be achieved by a small perturbation of S using a transversality argument (see
appendix B). In appendix A, we give in the case that (Σ, ξ) admits a periodic
Reeb flow an explicit subcritical isotropic sphere S which satisfies the Reeb chord
condition.
2A Reeb chord of S is a Reeb trajectory of positive length with starting and end point on S.
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• If S = S0 (two points), i.e. for k = 1, the Reeb chord condition can always be
achieved: It suffices to chose for S two points that do not lie on any closed Reeb
orbit and not on the same Reeb trajectory for any αl. In particular Prop. 3 can
always be applied to connected sums.
The notion of a.f.g. contact structures allows us to state the following generalization of
Ustilovsky’s result.
Theorem 4. Suppose that (Σ, ξ) is a closed contact manifold and has an exact filling
(V, λ) such that for the inclusion i : Σ → V holds i∗ : pi1(Σ) → pi1(V ) is injective and
that the Conley-Zehnder index is well-defined for all contractible Reeb orbits on V .
If ξ is asymptotically finitely generated in at least one degree k ∈ Z, then Σ carries
infinitely many pairwise non-contactomorphic exactly fillable contact structures.
Remarks. • The Conley-Zehnder index µCZ is well-defined on contractible Reeb
orbits, if the integral of the first Chern class c1(TV ) vanishes on spheres.
• The conditions on pi1(Σ) and µCZ on V ensure that the Conley-Zehnder index
is well-defined on Σ. Note that both conditions are invariant under attaching a
symplectic k-handle (k−1-surgery on Σ) if k 6= 2 (see [17], Lemma 66 and 67).
• Thm. 4 does not require index positivity or dynamical convexity – unlike similar
results of this form (cf. Espina, [15], or Kwon and van Koert, [25]).
• If (Σ, ξ) = (S∗M, ξstd), dimM ≥ 3, and (V, λ) = (D∗M, θ), then c1(TD∗M) = 0
(see Weber [40], B.1.7). Moreover, i∗ : pi1(S∗M) → pi1(D∗M) being injective can
be seen via the homotopy long exact sequence for fiber bundles
pi1(S
dimM−1) // pi1(S∗M)
p∗ //
i∗
&&
pi1(M) // 0
pi1(D
∗M)
r∗
99
.
Here p : S∗M →M is the projection and r : D∗M →M a deformation retraction.
Using similar arguments as for the proof of Thm. 4, we can also give new exotic fillable
contact structures on S4m+1:
Theorem 5.
Let Σp ∼= S4m+1 denote the Brieskorn/Ustilovsky spheres (see section 4). Let ξp denote
its (exotic) contact structure and let j · ξp denote the contact structure on the j-fold
connected sum j · Σp of (Σp, ξp) with itself. If m ≥ 2 and i, j, p, q ∈ N are such that
p, q ≡ ±1 mod 8 and (j, p) 6= (i, q), then j · ξp and i · ξq are non-contactomorphic contact
structures on S4m+1.
Note that Thm. 5 gives for i = j = 1 exactly Ustilovsky’s original result. As a corol-
lary, we obtain that the mean Euler characteristic χm of the S
1-equivariant Symplectic
Homology (see [38]) is not a complete contact invariant. For dimension 5, this was al-
ready established in [25], 5.10, while the following corollary extends this result to any
dimension of the form 4m+1.
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Corollary 6. For any integers m, k ≥ 2, there exist c(k) ∈ Q and k different contact
structures ξk on S
4m+1 with the same mean Euler characteristic χm
(
S4m+1, ξk
)
= c(k).
The proof of Thm. 4 relies on the following three results for a.f.g. contact manifolds
(Σ, ξ) and Symplectic Homology.
Proposition 7. Let (Σ, ξ) be a closed contact manifold. If ξ is a.f.g. in degree k with
bound bk(ξ), then it holds for any exact filling (V, λ) of (Σ, ξ) with i∗ : pi1(Σ) → pi1(V )
injective and µCZ well-defined, that
rkSH+k (V ) ≤ bk(ξ) and rkSHk(V ) ≤ bk(ξ) + rkHn−k(V, ∂V ).
Proposition 8. For n ≥ 3 there exists for every degree k ∈ Z a contact structure ξ on
a manifold Σk homeomorphic to S
2n−1 and an exact filling (Vk, λk) such that ξk is a.f.g.
in degree k (in fact in every degree) and
rkSH+k (Vk) =
{
2 for k ≥ n+ 1
1 for k ≤ n .
Theorem 9 (Invariance of SH under subcritical handle attachment, Cieliebak, [9]).
Let W and V be compact 2n-dimensional symplectic manifolds with positive contact
boundaries and assume that µCZ is well-defined on W . If V is obtained from W by
attaching to ∂W a subcritical symplectic handle H, k < n, then it holds that
SH∗(V ) ∼= SH∗(W ) and SH∗(V ) ∼= SH∗(W ) ∀ ∗ ∈ Z.
The positive Symplectic Homology SH+(W ) is not invariant under subcritical handle
attachment. However, its changes can be estimated via Thm. 9. In particular for the
contact connected sums, i.e. attaching a 1-handle, we have the following result.
Corollary 10. Let W and V be as in Thm. 9 and assume that V is obtained from W by
boundary connected sum, i.e. a 1-handle H is attached to two different path-connected
components of W . Then
• SH+∗ (V ) ∼= SH+∗ (W ) for ∗ 6= n, n+1
• either rkSH+n (V ) = rkSH+n (W ) + 1 and rkSH+n+1(V ) = rkSH+n+1(W )
or rkSH+n (V ) = rkSH
+
n (W ) and rkSH
+
n+1(V ) = rkSH
+
n+1(W )− 1.
Proof of Theorem 4.
Assume that ξ is a.f.g. in degree k with bound bk(ξ) and let (Σk, ξk) be the contact
manifold from Prop. 8 for the degree k, i.e. Σk is homeomorphic to S
2n−1, ξk is a.f.g. in
degree k with bound bk(ξk) and there exists an exact filling (Vk, λk), such that
rkSH+k (Vk) =
{
2 if k ≥ n+ 1
1 otherwise
. (∗)
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We denote by
(
Σ#Σk, ξ#ξk
)
the contact connected sum of (Σ, ξ) and (Σk, ξk) and by(
N ·Σk, N ·ξk
)
the N -fold contact connected sum of (Σk, ξk) with itself. As the differ-
entiable structures on S2n−1 form a finite group with respect to the connected sum
operation with the standard structure as neutral element (see [24]), there exists an N0,
such that N0 · Σk is diffeomorphic to S2n−1. Henceforth, we assume that N0|N . Taking
the boundary connected sum of (V,Σ) with N copies of (Vk,Σk) yields by Cor. 10:
rkSH+k
(
V #N ·Vk
)
= rkSH+k
(
V
)
+N · rkSH+k
(
Vk
)
+ c,
where c = 0 if k 6= n, n+1, 0 ≤ c ≤ N if k = n and −N ≤ c ≤ 0 if k = n+1. Using (∗),
we hence have the estimate:
rkSH+k
(
V #N ·Vk
) ≥ rkSH+k (V )+N ≥ N. (∗∗)
As N · Σk is diffeomorphic to S2n−1, we have Σ #
(
N ·Σk
) ∼= Σ and (Σ, ξ#N ·ξk)) is
exactly fillable by V #N ·Vk. Prop. 3 implies that
(
Σ, ξ#N ·ξk
)
is also a.f.g. in degree
k with bound
bk
(
ξ#N ·ξk
) ≤ bk(ξ) +N · bk(ξk) +N.
This estimate implies with Prop. 7 that for any exact filling (W,λW ) of
(
Σ, ξ#N ·ξk)
)
holds
rkSH+k (W ) ≤ bk
(
ξ#N ·ξk
) ≤ bk(ξ) +N(bk(ξk)+1). (∗∗∗)
(∗∗) and (∗∗∗) imply that for any N,M ∈ N with N0|N,M and bk(ξ)+M
(
bk(ξk)+1
)
< N
holds that ξ#M ·ξk and ξ#N ·ξk are non-contactomorphic contact structures on Σ, as
the latter has a filling which cannot be a filling of the first.
Set b := max
{
bk(ξ), bk(ξk)
}
and Nl := N0(b+2)
l, l ∈ N, and calculate
bk(ξ) +Nl
(
bk(ξk) + 1
) ≤ b+N0(b+ 2)l(b+ 1) < N0(b+ 2)l+1 = Nl+1.
Thus ξ#Nl·ξk and ξ#Nm·ξk are not contactomorphic if l 6= m, which provides infinitely
many different exactly fillable contact structures on Σ.
Bonus : All contact structures ξ#N ·ξk on Σ are different for different values of
N ∈ N0
(
N∪{0}). We argue by contradiction and assume that there exists M < N
with ξ#M ·ξk contactomorphic to ξ#N ·ξk. Then we have for all K ∈ N:
ξ# (N+K)ξk = ξ#Nξk #Kξk ∼= ξ#Mξk #Kξk = ξ# (M+K)ξk.
In particular for K0 = N−M , we obtain
ξ# (M+2K0)ξk = ξ# (N+K0)ξk ∼= ξ# (M+K0)ξk = ξ#Nξk ∼= ξ#Mξk.
Repeating this argument, we find that ξ# (M+lK0)ξk ∼= ξ#Mξk for all l ∈ N. How-
ever, for l sufficiently large, we already know by (∗∗) and (∗∗∗) that these two contact
structures are different, thus providing a contradiction.
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1.2. Structure of the paper
The paper is organized in three parts. In the first, we describe the construction of the
Symplectic Homology SH(V ) of a Liouville domain (V, λ) and discuss many of its prop-
erties, i.e. its positive part (2.5), the canonical long exact sequence (2.4 (4)), the transfer
maps (2.8) and its grading via the Conley-Zehnder index (2.6).
Our description is more extensive than some readers might think necessary, as we define
SH(V ) with a Morse-Bott setting on the contact boundary ∂V – an approach which is
not yet standard in the literature. Moreover, our construction of SH(V ) and SH+(V )
allows the use of a sequence of different (!) contact boundaries in the completion V̂ of
V . This makes the definition of SH(V ) more flexible and leads naturally to the defi-
nition of asymptotically finitely generated contact structures (2.7). Another advantage
of this more general approach is that SH(V ) and SH+(V ) become almost by definition
invariant under Liouville isomorphisms (see Prop. 14). This fact is of course well-known
(see [22], Thm. 4.18), but requires usually a rather long proof via the transfer maps.
The use of different contact boundaries forced us to generalize the maximum principle
(2.2). In [35], 3.21, Seidel already gave a maximum principle for varying contact bound-
aries – yet his version requires that the slopes of the Hamiltonians involved increase
exponentially when going from one boundary to another, whereas we only require that
the Hamiltonians just increase at infinity. Our version of this confinement tool is based
on the No-Escape lemma first presented by Abouzaid-Seidel, [3] 7.2, and adapted to the
setup of Symplectic Homology by Ritter, [31] Lem. 19.3.
The second part of the paper describes the attachment of subcritical handles and its
effect on Symplectic Homology and a.f.g. contact structures. This section owes much
to [9] by K. Cieliebak. Unfortunately, this highly influential and ground-breaking paper
contains two gaps:
• For the proof of the Invariance Theorem (see the second to last page in [9]), a
definition of SH with varying contact boundaries is needed, as the attached handle
is made iteratively thinner.
• The construction of the Hamiltonians involved is only sketched and it is claimed
that these Hamiltonians can be chosen to have on the handle only one (!) 1-periodic
orbit. Whether this last property can be achieved at all is heavily doubted by the
author (see Dis. 28 in 3.3).
As we had to describe subcritical handle attachment anyway in order to show that the
a.f.g. property is preserved under this procedure, we seized the opportunity to give in
Section 3 a clarified proof of Cieliebak’s Invariance Theorem.
The third part presents Brieskorn manifolds. First, we review some general results,
especially on the indices of closed Reeb orbits on these manifolds. Then we give some
explicit examples of Brieskorn spheres (which prove Prop. 8) and show Thm. 5.
Appendices on contact manifolds with periodic Reeb flow and on avoiding Reeb chords
conclude the paper. The second appendix was friendly provided by Dingyu Yang.
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2. Symplectic Homology and cohomology
Symplectic Homology for Liouville domains together with the transfer maps was intro-
duced by Viterbo, [39]. In this section we relax the standard definition to include families
of Hamiltonians that are linear each with respect to a different contact boundary. For
that, we generalize the No-Escape Lemma by Abouzaid/Seidel and Ritter and we discuss
many of the additional features of Symplectic Homology in this generalized approach.
In the end, this will allow us to estimate SH(V ) in the presence of the a.f.g. property
(Prop. 7). Since Symplectic Homology is a well established theory, many details will
be omitted. However, as the use of Morse-Bott techniques is less developed, a longer
exposition of this approach is included. For background, we refer to the excellent papers
[2], [35] for Symplectic Homology in general and [6] for the Morse-Bott setting.
2.1. Setup
Let (V, ω) be an 2n-dimensional compact symplectic manifold with boundary ∂V = Σ
such that ω = dλ is exact. The 1-form λ defines the Liouville vector field Y by ω(Y, ·) =
λ. The boundary Σ is called a positive or negative contact boundary if Y points out
or into V along Σ. If Σ is a positive contact boundary, then (V, λ) is called a Liouville
domain. Any hypersurface Σ in V transverse to Y is a contact manifold with contact
form α := λ|TΣ. We write ξ := kerα for the contact structure and R := Rα for the Reeb
vector field defined by dα(R, ·) = 0 and α(R) = 1. We denote by the spectrum spec(α)
the set of periods of closed orbits of R.
We say that α is transversely non-degenerate if it satisfies the Morse-Bott assumption:
The set N η ⊂ Σ formed by the η-periodic Reeb orbits is a submanifold
for all η ∈ R and TpN η = ker (Dpφη − 1) holds for all p ∈ N η.
(MB)
A closed Reeb orbit x is called transversely non-degenerate if (MB) holds locally.
A symplectization of a contact manifold (Σ, α) is the exact symplectic manifold(
I×Σ, ω := d(erα)), where r ∈ I ⊂ R is an interval. For I=R, I=[0,∞) or I=(−∞, 0],
one calls (I×Σ, ω) the whole/positive/negative symplectization of Σ. If β is a different
contact form on Σ defining the same contact structure and the same orientation, we
find a function f : Σ → R such that βp = ef(p)·αp ∀ p∈Σ. To such a β, we associate a
hypersurface Σβ in the whole symplectization of Σ by:
Σβ :=
{
(f(p), p)
∣∣ p ∈ Σ}.
Note that (erα)|Σβ = β and that Σα = Σ. Moreover Σα and Σβ are naturally diffeomor-
phic for any two contact forms with kerα = ker β.
The flow ϕY of Y on a Liouville domain (V, λ) with contact boundary (Σ, α) provides an
exact identification
(
(−∞, 0]×Σ, erα)→ (U, λ) between the negative symplectization of
(Σ, α) and a collar neighborhood U of Σ in V via the map (r, p) 7→ ϕrY (p). This allows
us to define the completion (V̂ , λ̂) of (V, λ) by
V̂ := V ∪ϕY
(
(−δ,∞]×Σ) λ̂ := {λ on V
erα on R×Σ.
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Write V = Vα and let β be a different contact form for ξ. Using the obvious embedding
R×Σ ↪→ V̂ , one can think of Σβ as a contact hypersurface in V̂ which bounds a com-
pact region Vβ ⊂ V̂ . Note that the completions of (Vβ, λ̂|Vβ) and (Vα, λ) are naturally
identified with (V̂ , λ̂).
More generally, a diffeomorphism ϕ : V̂→Ŵ between two Liouville domains (V, λ) and
(W,µ) is a Liouville isomorphism if ϕ∗µ̂ = λ̂+ dg for a compactly supported function g.
For example for (Vα, λ) and (Vβ, λ̂|Vβ) as above with completion (V̂ , λ̂) we find that the
identity Id : V̂=V̂α → V̂β=V̂ provides a Liouville isomorphism. Note that the contact
forms on ∂Vα and ∂Vβ are different, but the contact structures agree. Therefore we think
of (Vα, λ̂|Vα) and (Vβ, λ̂|Vβ) as the same filling for (Σ, ξ), which leads us to:
Definition 11. Let (Σ, ξ) be a contact manifold. If there exists a Liouville domain (V, λ)
such that ∂V = Σ and ξ = kerλ|Σ, then we call the equivalence class of (V, λ) under
Liouville isomorphisms an exact (contact) filling of (Σ, ξ).
It will turn out that Symplectic Homology is in fact invariant under Liouville isomor-
phisms (see Prop. 14) thus providing an invariant for contact structures (with a filling).
A Hamiltonian on V̂ is a smooth S1-family of functions Ht : V̂ → R with Hamilto-
nian vector field X tH defined by ω(·, X tH) = dHt for each t ∈ S1. The action of a loop
x : S1→V̂ with respect to H is defined by
AH(x) =
∫ 1
0
x∗λ−
∫ 1
0
Ht(x(t))dt.
The critical points of the functional AH are exactly the closed 1-periodic orbits of X tH .
We denote the set of these 1-periodic orbits by P(H). Let Jt denote an S1-family of
ω-compatible almost complex structures. As usual, ω-compatible means that ω(·, Jt·)
defines a Riemannian metric on V for every t. The L2-gradient of AH with respect
to this metric is then given by ∇AH(x) = −J(∂tx − X tH). An AH-gradient trajectory
u : R×S1 → V̂ is hence a solution of the partial differential equation:
∂su−∇AH(u) = ∂su+ J(∂tu−X tH) = 0 ⇔
(
Du−X tH⊗dt
)0,1
= 0. (1)
For the second equation, recall that Du can be viewed as a 1-form on R×S1 with values
in TV . The antiholomorphic part of such forms β is given by β0,1 := 1
2
(β + Jβj), where
j is the standard almost complex structure on R×S1, defined by j∂s = ∂t.
If Hs is a homotopy of Hamiltonians, then AHs-gradient trajectories are solutions of (1)
with X tH and J depending on s.
2.2. The No-Escape Lemma
For the construction of symplectic (co)homology we look at solutions u of (1) satisfying
lim
s→±∞
u(s, t) = x±(t) ∈ P(H). In general, these solutions might not stay in a compact
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subset of V̂ , even for x± fixed. So it could be that the moduli space of these solutions is
neither compact nor has a suitable compactification. However, the No-Escape Lemma
below shows that for certain pairs (H, J) all such u stay in a compact set.
Originally, such a result was proved by Viterbo, [39], as the Maximum Principle, which
states that a solution u cannot cross a convex hypersurface Σ in a symplectization, if
both asymptotes of u are below Σ. Seidel then gave in [35], 3.21, a generalization which
works also for varying Σ, but there the slope of H has to increase exponentially be-
tween H+ and H−. Finally, in [3], 7.2, and [31], Lem. 19.3, Abouzaid/Seidel and Ritter
(adaptation to SH) introduced the No-Escape Lemma, which has the advantage that
the ambient manifold does not need to be a symplectization. Here, we generalize this
No-Escape Lemma to situations where Σ is allowed to vary in s.
In order to state the lemma in full generality, let (W,dλ) be an exact symplectic man-
ifold with compact negative contact boundary and such that the flow ϕtY of the Liou-
ville vector field Y exists for all t ≥ 0. Then ϕY provides a symplectic embedding of(
[0,∞)×∂W, d(erα)) into W . For example, consider ([−δ,∞)×Σ, d(erα)) inside (V̂ , ω̂).
Let fs : ∂W → R be a smooth family of functions, such that for some s0 ≥ 0 holds
fs ≡ f±s0 for |s| ≥ s0. They define on [0,∞) × ∂W an s-dependent coordinate change
by rs := r − fs and a compact s-depending family of contact hypersurfaces Σs by
Σs := {rs ≡ R0} =
{
(R0 + fs(p), p)
∣∣ p ∈ ∂W} for a constant R0 ≥ −min
s,p
fs(p).
Let Js be an s-dependent family of almost complex structures, which are of contact
type along Σs, meaning that J
∗
sλ = d(e
rs) holds for fixed s at all points p ∈ Σs. Let
Hs : W → R be a homotopy of Hamiltonians such that
• Hs(r, p) = hs
(
er−fs(p)
)
= hs(e
rs) near Σs,
• ∂s
(
Hs − hs(eR0) + eR0 · h′s(eR0)
)
≤ 0 everywhere on W . (2)
Finally, let S ⊂ R× S1 be a compact Riemann surface with smooth boundary.
Lemma 12 (No-Escape Lemma).
Let W,S, J, rs, R0 and Hs be as above. Assume that for a solution u : S → W of (1)
holds that u(s, t) ∈ Σs for all (s, t) ∈ ∂S and ers ◦ u(s, t) ≥ eR0 for all (s, t) ∈ S. Then
u(s, t) ∈
⋃
s∈R
Σs =
{
p ∈ W ∣∣∃ s ∈ R : p ∈ Σs} ∀ (s, t) ∈ S.
Remarks. • If Hs and fs are independent of s, then condition (2) is empty, i.e. the
No-Escape Lemma holds for all (H, J) that are cylindrical along a fixed Σ.
• If H is linear in ers along Σs, i.e. Hs = asers +bs, then (2) reads as ∂s
(
Hs−bs) ≤ 0.
• If W = [0,∞)×∂W and Hs is linear everywhere, then (2) reads as ∂s(aser−fs) ≤ 0,
which is equivalent to ∂s(log as − fs) ≤ 0.
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• If W = [0,∞)× ∂W and fs = 0, then (2) can be replaced by ∂sh′ ≤ 0, as
(∂shs)(e
r ◦u)− (∂shs)(eR0) + eR0 · (∂sh′s)(eR0) =
∫ er◦u
eR0
∂sh
′(t) dt+ eR0 · (∂sh′s)(eR0).
The No-Escape Lemma and Sard’s theorem imply the following corollary.
Corollary 13. Let V0 ⊂ V̂ be a relatively compact open set with positive contact bound-
ary ∂V0, let H : V̂ → R be a Hamiltonian satisfying (2) on W := V̂ \ V0 and let J be an
almost complex structure which is cylindrical along a collar neighborhood of ∂V0. Then
any solution u : R× S1 → V̂ to (1) with asymptotes in V0 stays inside V0 for all time.
Proof of the No-Escape Lemma (cf. [31], Lem. 19.3):
At first, we calculate λ applied to the Hamiltonian vector field on Σs:
λ(XHs) = dλ(Y,XHs) = dHs(Y ) = ∂rHs(r, y) = h
′
s(e
r−fs(p)) ·er−fs(p) = h′s(eR0) ·eR0 , (∗)
where the last equality holds only on Σs, as there r − fs(p) = rs = R0. We define the
energy ES(u) of u over S as ES(u) :=
∫
S
||∂su||2ds ∧ dt. Clearly, ES(u) is non-negative.
Using a trick of M. Abouzaid, we will show that ES(u) ≤ 0 and hence ES(u) = 0, so
that ∂su ≡ 0. As u|∂S ⊂
⋃
s∈R Σs and S ⊂ R × S1, this implies that u(s, t) ∈
⋃
s∈R Σs
for all (s, t) ∈ S. To prove ES(u) ≤ 0, we calculate:
ES(u) =
∫
S
||∂su||2ds∧dt =
∫
S
dλ(∂su, J∂su)ds∧dt
=
∫
S
dλ(∂su, ∂tu)− dλ(∂su,XHs)ds∧dt
=
∫
S
u∗dλ− dHs(∂su)ds∧dt
=
∫
S
u∗dλ− ∂s
(
Hs(u)
)
ds∧dt+ (∂sHs)(u)ds∧dt
=
∫
S
u∗dλ− d(Hs(u)dt)+ (∂sHs)(u)ds∧dt
=
∫
∂S
u∗λ−Hs(u)dt+
∫
S
(∂sHs)(u)ds∧dt
=
∫
∂S
u∗λ−
(
λ(XHs)(u)− λ(XHs)(u)−Hs(u)
)
dt+
∫
S
(∂sHs)(u)ds∧dt
(∗)
=
∫
∂S
λ
(
Du−XHs⊗dt
)
+
∫
∂S
(
h′s
(
eR0(u)
)
eR0(u)− hs(eR0)
)
dt+
∫
S
(∂sHs)(u)ds∧dt
=
∫
∂S
−λJ(Du−XHs⊗dt)j + ∫
S
∂s
(
h′s
(
eR0(u)
)
eR0(u)− hs(eR0)
)
+ (∂sHs)(u)ds∧dt
(2)
≤
∫
∂S
−ders(Du−XHs⊗dt)j =
∫
∂S
−ders(Du)j.
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Here, we used that orbits of XHs stay inside level sets of e
rs , so that ders(XHs) = 0. To
calculate the last integral, let n be the outward normal direction along ∂S ⊂ S. Then
(n, jn) is an oriented frame and ∂S is oriented by jn. So along ∂S holds
−ders(Du)j(jn) = −d(ers ◦ u)(−n) ≤ 0,
as in the inward direction −n, ers ◦u can only increase since ers ◦u attains its minimum
eR0 along ∂S. So ES(u) ≤ 0 and hence ES(u) = 0.
A 1-periodic orbit x ∈ P(H) is called non-degenerate if the flow ϕtXH of XH satisfies
det
(
Dϕ1XH (x(0))− 1
) 6= 0. It is called transversely non-degenerate if near x holds that
N := {y(0) ∣∣ y ∈ P(H)} is a submanifold of V such that ker (Dϕ1XH (y(0))−1) = Ty(0)N
for all y ∈ P(H) near x. Note that N is always closed and consists of finitely many
points if all orbits are non-degenerate.
In view of the No-Escape Lemma (Lem. 12) we make the following definitions:
• A Hamiltonian H is admissible, writing H ∈ Ad(V ), if all 1-periodic orbits of XH
are (transversely) non-degenerate and if H is (weakly) linear at infinity, that is if
there exist a, b, R ∈ R and f ∈ C∞(Σ) such that a 6∈ spec(ef(p)·α) and H is on
[R,∞)×Σ ⊂ V̂ of the form
H(r, p) = a · er−f(p) + b.
• A homotopy Hs between admissible Hamiltonians H± is admissible if there exist
S,R ≥ 0 such that Hs = H± for ±s ≥ S and Hs has on [R,∞)× Σ the form
Hs = as · er−fs(p) + bs with ∂s
(
log as − fs(p)
) ≤ 0.
• A possibly s-dependent almost complex structure J is admissible for a Hamilto-
nian/homotopy H, if for some R0 ≥ min{R− fs(p) | p ∈ Σ, s ∈ R} holds that Js is
of contact type near Σs :=
{
r−fs(p) = R0
} ⊂ R×Σ, meaning that
λ ◦ Js = d
(
er−fs
)
holds for s fixed and all (r, p) ∈ (−ε, ε)×Σs.
2.3. Symplectic Homology and cohomology
The following construction of Symplectic Homology in a Morse-Bott setting was first
described by Bourgeois and Oancea, [6], for the case where the manifoldN of contractible
1-periodic orbits of H consists of isolated circles. Although not stated explicitly, their
methods are general enough to work also if N is of higher dimension. See also [19], App.
A and [17] for similar Morse-Bott constructions using flow lines with cascades.
For H ∈ Ad(V ) (with all 1-periodic orbits transversely non-degenerate), we define the
Hamiltonian Floer homology FH∗(H, h) as follows: Choose a Morse-function h (and
a Riemannian metric) on N . Then let P(H, h) consist of the critical points of h, let
FC∗(H, h) be the Z2-vector space generated by P(H, h) and let M(x−, x+) consist of
unparameterized flow lines with cascades between x± ∈ P(H, h). Here, a flow line with
cascades is a tuple (u1, ..., um) whose components are solutions of (1) and satisfy
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• lim
s→−∞
u1(s, 0) lies in the unstable manifold of x− and lim
s→+∞
um(s, 0) lies in the stable
manifold of x+, both with respect to the gradient flow of h on N ,
• for i = 1, ...,m−1, the limit orbits lim
s→+∞
ui and lim
s→−∞
ui+1 lie in the same com-
ponent of N and are connected by a positive gradient flow line of h with finite
(possibly zero) length.
For a generic Riemannian metric on N and a generic almost complex structure J , the
spaceM(x−, x+) is a manifold. Its zero-dimensional componentM0(x−, x+) is compact
and hence a finite set. Let #2M0(x−, x+) denote its cardinality modulo 2. The boundary
operator ∂ : FC∗(H, h)→ FC∗(H, h) is then defined as the linear extension of
∂x+ :=
∑
x−∈P(H)
#2M0(x−, x+) · x−.
A standard argument in Floer theory shows ∂2 = 0 and the resulting homology is denoted
by FH∗(H, h). To an admissible homotopy Hs between H± ∈ Ad(V ) and Morse func-
tions h± on the manifolds N± of 1-periodic orbits of H±, we consider for x± ∈ P(H±, h±)
the moduli space Ms(x−, x+) of unparameterized flow lines with cascades from x−
to x+ where one cascade ui is an s-dependent AHs-gradient trajectory, while uj is a
AH−-gradient trajectory for j < i and a AH+-gradient trajectory for j > i. On chain
level, we define a map σ](H−, H+) : FC∗(H+, h+)→ FC∗(H−, h−) via
σ](H−, H+)x+ =
∑
x−∈P(H−,h−)
#2M0s(x−, x+) · x−.
By considering the compactification of M1s(x−, x+), one can show that ∂ ◦ σ] = σ] ◦ ∂,
so that σ](H−, H+) descends to a map σ∗(H−, H+) : FH∗(H+, h+) → FH∗(H−, h−),
called continuation map. Considering homotopies of homotopies, one can show that
σ∗(H−, H+) is independent of the chosen homotopy. For H1, H2, H3 ∈ Ad(V ) the follow-
ing composition rule holds
σ∗(H1, H3) = σ∗(H1, H2) ◦ σ∗(H2, H3).
We introduce a partial order ≺ on Ad(V ) by saying H+ ≺ H− if for some R ∈ R holds
on [R,∞)×Σ that either H+−H− is constant or H+ ≤ H−. Observe that admissibil-
ity of a homotopy Hs between H− and H+ implies that H+ ≺ H−. It follows that(
FH∗(H, h), σ∗
)
is a direct system over the directed set
(
Ad(V ),≺). The Symplectic
Homology SH∗(V ) is then the direct limit of this system:
SH∗(V ) := lim−→
H∈Ad(V )
FH∗(H, h).
One obtains Symplectic Cohomology by dualizing this construction. Explicitly, we define
for H ∈ Ad(V ) and a Morse function h on N the cochain groups FC∗(H, h) as the dual
of FC∗(H, h). As FC∗(H, h) is Z2-generated by the finite set P(H, h), FC∗(H, h) is also
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Z2-generated by P(H, h). The coboundary operator δ is the dual of ∂. The analogue con-
struction of σ](H−, H+) associated to a homotopy Hs between H± ∈ Ad(V ) yields con-
tinuation maps in the opposite direction σ∗(H−, H+) : FH∗(H−, h−) → FH∗(H+, h+).
By taking the same partial order on Ad(V ) as for homology, we obtain hence an inverse
system and SH∗(V ) is its inverse limit: SH∗(V ) := lim←−FH
∗(H, h).
Note that SH∗(V ) and SH∗(V ) do not depend on H, J and h as all groups FH(H, h)
for any of these choices are included in the direct/inverse limit.
A cofinal sequence (Hn) ⊂ Ad(V ) is a sequence such that Hn ≺ Hn+1 and for any
H ∈ Ad(V ) there exists n ∈ N with H ≺ Hn. More general, a set F ⊂ Ad(V ) is cofinal
if for any H ∈ Ad(V ) there exists F ∈ F such that H ≺ F . For F ⊂ Ad(V ) cofinal
holds that SH∗(V ) = lim−→FH∗(F ) and SH∗(V ) = lim−→FH∗(F ), where F ∈ F .
Proposition 14. SH∗(V ) and SH∗(V ) are invariant under Liouville isomorphisms.
They are therefore invariants of the exact filling (V, λ) of
(
∂V, λ|∂V
)
.
Proof: Let (V, λ) and (W,µ) be two Liouville domains and ϕ : V̂ → Ŵ be a Liouville
isomorphism. In [35], page 3, it is shown that there exists R ∈ R such that ϕ takes on
[R,∞)×∂V ⊂ V̂ the form
ϕ(r, p) = (r−f(p), ψ(p)),
where f ∈ C∞(∂V ) and ψ : ∂V→∂W satisfies ψ∗µ|∂W = ef ·λ|∂V . This implies
for any H∈Ad(W ) that ϕ∗H(r, p) = aer−f(p)−g(ψ(p))+b wherever H(r, p) = aer−f(p)+b
holds. Hence we have ϕ∗H∈Ad(V ), i.e. ϕ∗Ad(W ) ⊂ Ad(V ). As ϕ−1 is also a Liou-
ville isomorphism, it follows that ϕ∗Ad(W ) = Ad(V ). Moreover as ϕ∗dµ = dλ, we
have ϕ∗XH = Xϕ∗H , so that ϕ∗ provides a 1-1 correspondence between P (H, h) and
P (ϕ∗H,ϕ∗h) (where h is a Morse function on N ). For an admissible almost complex
structure J on Ŵ , we find that ϕ∗J is also admissible on V̂ . It follows that FH∗(H, h)
and FH∗(ϕ∗H,ϕ∗h) are isomorphic, as the moduli spaces M0(y, x) and M0(ϕ∗y, ϕ∗x)
are all diffeomorphic via ϕ∗ for all x, y ∈ P(H, h). The same argument shows that for
any H± ∈ Ad(W ) with H+ ≺ H− the following diagram commutes
FH∗(H+, h+)
ϕ∗

σ∗(H−,H+) // FH∗(H−, h−)
ϕ∗

FH∗(ϕ∗H+, ϕ∗h+)
σ∗(ϕ∗H−,ϕ∗H+) // FH∗(ϕ∗H−, ϕ∗h−)
.
Hence we have SH∗(W ) = lim−→
H∈Ad(W )
FH∗(H, h) ∼= lim−→
ϕ∗H∈ϕ∗Ad(W )
FH∗(ϕ∗H,ϕ∗h) = SH∗(V ).
Note that the argument is also valid, if we replace all homology groups FH∗(H, h) by the
corresponding cohomology groups FH∗(H, h), which shows SH∗(W ) = SH∗(V ).
2.4. Action filtration
The action functional AH provides filtrations of SH∗(V ) and SH∗(V ) as follows: For
H ∈ Ad(V ), a Morse function h on N and b ∈ R∪{±∞} consider the subchain
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groups FC<b∗ (H):=FC
<b
∗ (H, h) ⊂ FC∗(H, h) generated by whose x ∈ P(H, h) with
AH(x)<b. For a<b, we set FC [a,b)∗ (H) := FC<b∗ (H)
/
FC<a∗ (H). Similar definitions work
for the intervals (a, b), (a, b] etc. or ≤b, >b,≥b. Note that FC [a,b)∗ (H) = FC(a,b)∗ (H) if
a 6∈ AH(P(H)). All subsequent discussions hold for any action restriction, yet we will
write them only for (a, b) and <b. Lem. 15 below shows that the boundary operator
∂ reduces the action. It induces therefore a boundary operator on FC
(a,b)
∗ (H) which
defines FH
(a,b)
∗ (H).
Lemma 15.
Hamiltonians
/
homotopies H and solutions u of (1) with lim
s→±∞
u = x± ∈ P(H) satisfy
AH(x+)−AH(x−) ≥ −
∫ ∞
−∞
∫ 1
0
(∂sH)(u)dt ds. (3)
If Hs ≡ H or ∂sH ≤ 0, then AH(x+) ≥ AH(x−).
Proof:
AH(x+)−AH(x−) =
∫ ∞
−∞
∂sAH(u(s))ds =
∫ ∞
−∞
||∇AH ||2ds−
∫ ∞
−∞
∫ 1
0
(∂sH)(u)dt ds.
Let H± ∈ Ad(V ) with H−≥H+ everywhere. Then we can choose an admissible homotopy
Hs between them with ∂sH ≤ 0. It follows from Lem. 15 that the associated continuation
map σ](H−, H+) also decreases action and induces a map
σ∗(H−, H+) : FH(a,b)∗ (H+)→ FH(a,b)∗ (H−).
The truncated Symplectic Homology in the action window (a, b) is then defined as the
direct limit under these maps: SH
(a,b)
∗ (V ) := lim−→FH
(a,b)
∗ (H).
For Symplectic Cohomology, the only difference is that the coboundary operator δ in-
creases action, so that we have to consider FC∗>a(H) ⊂ FC∗(H) as a natural subcomplex.
All other truncated groups can then be defined accordingly. Then, we obtain FH∗>a(H)
and FH∗(a,b)(H) as filtered Floer cohomology groups. For homotopies Hs with ∂sH ≤ 0,
the continuation maps are also well-defined on truncated groups and we obtain as inverse
limits SH∗(a,b)(W⊂V ) = lim←−FH
∗
(a,b)(H).
Discussion 16. Without further restrictions, we have for all a > −∞ and any b
SH(a,b)∗ (V ) = 0 and SH
(−∞,b)
∗ (V ) = SH∗(V ).
Indeed, for any cofinal sequence of Hamiltonians (Hn) chose an increasing sequence
(βn) ⊂ R such that βn > max
x∈P(Hn)
AHn(x). Define Kn := Hn+βn−a and Ln := Hn+βn−b,
which are both cofinal sequences satisfying
max
x∈P(Kn)
AKn(x) = max
x∈P(Hn)
AHn(x)− βn + a < a and max
x∈P(Ln)
ALn(x) < b.
It follows that FC
(a,b)
∗ (Kn) = FH
(a,b)
∗ (Kn) = 0 for all n and hence SH
(a,b)
∗ (V ) = 0,
while FC
(−∞,b)
∗ (Ln) = FC∗(Ln) for all n and hence SH
(−∞,b)
∗ (V ) = SH∗(V ). Similar
phenomenons hold in cohomology
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To obtain a meaningful action filtered version of SH, we have to restrict the set of
admissible Hamiltonians. We will require that all H are negative inside a fixed Liouville
subdomain W ⊂ V̂ bounded by a contact hypersurface ∂W 3. In particular, one can
take W = V . We write SH(a,b)(W⊂V )m or SH(a,b)(V ) if W = V , for the direct limit of
these Hamiltonians4, as this filtration of SH∗(V ) gives information about the embedded
subdomain W . Note that different choices of W ⊂ V give different filtrations of SH∗(V )!
For the definition of FH
(a,b)
∗ (H) it suffices that only the 1-periodic orbits x of XH with
AH(x) ∈ (a, b) are non-degenerate, as the others are discarded. Therefore, we call a
Hamiltonian H admissible for SH
(a,b)
∗ (W⊂V ), writing H ∈ Ad(a,b)(W⊂V ), if it satisfies
• H < 0 on W ,
• H(r, p) = a·er−f(p) + b on [R,∞)×Σ for some R and f : Σ→ R,
• all x ∈ P(H) with AH(x) ∈ (a, b) are (transversely) non-degenerate.
The partial order on Ad(a,b)(W⊂V ) is given by H ≺ K if H ≤ K everywhere. Note
that Ad(W⊂V ) = Ad(−∞,∞)(W⊂V ) ⊂ Ad(V ) is a cofinal subset, so that SH∗(W⊂V ) =
SH∗(V ). For H ∈ Ad(W⊂V ), the projection pi : FC∗(H) → FC≥b∗ (H) and the short
exact sequence
0→ FC(a,b)∗ (H)→ FC(a,c)∗ (H)→ FC(b,c)∗ (H)→ 0
induce in homology a map pi : FH∗(H)→ FH≥b∗ (H) and a long exact sequence
· · · → FH(a,b)∗ (H)→ FH(a,c)∗ (H)→ FH(b,c)∗ (H)→ . . .
Applying the direct limit then yields a map SH∗(V ) = SH∗(W⊂V ) pi−→ SH≥b∗ (W⊂V )
and (as lim−→ is an exact functor) a long exact sequence
· · · → SH(a,b)∗ (W⊂V )→ SH(a,c)∗ (W⊂V )→ SH(b,c)∗ (W⊂V )→ . . .
Note that lim←− is in general not an exact functor. However, it preserves exactness if all
modules FH∗(H, h) are finite dimensional vector spaces, which is here the case (see [4]
or [14]). Hence, the above exact sequences make sense also in cohomology.
2.5. Positive Symplectic Homology
The most used filtered group is SH+(V ) := SH>ε(V ), where ε > 0 is an arbitrary small
positive constant. The group is also called the positive Symplectic Homology. Although
the action filtration does in general depend on the chosen subdomain Va ⊂ V̂ and hence
on the contact form α, SH+(V ) can be defined independently of α and is also invariant
3Other possibilities are H|∂V < 0 which leads to the V -shaped homology/Rabinowitz-Floer homology
or H|V \W < 0 which leads to the Symplectic Homology of a cobordism. See [12] for more details.
4These Hamiltonians coincide with whose defining SH∗(W ) in the sense of [12]. However, SH∗(W ) 6=
SH∗(W⊂V ) in general, but SH≥0∗ (W⊂V ) = SH∗(W ) as shown in Cor. 22.
17
under Liouville isomorphisms. To see this, we consider the following standard type of
Hamiltonians H on V̂ . Write α0 for the contact form on ∂V = Σ, let f : Σ→ Σ be any
smooth function, let α = ef ·α0 be the associated contact form and Vα,Σα = ∂Vα be the
associated subdomain as in 2.1. We call H adapted to α if H
• is inside Vα equal to a C2-small Morse function g with −ε < g < 0,
• is on [−ε,∞)×Σα of the form H(r, p) = h(er) for a function h with h′′≥0 and
h(er) = aer − a on [0,∞)×Σα with a 6∈ spec(α).
As for H(r, p) = h(er) holds that XH(r, p) = h
′(er)·Rα(p), we find that any H of this
form has two types of 1-periodic orbits:
I : constant orbits inside Vα corresponding to critical points,
II : non-constant orbits near Σα corresponding to Rα-Reeb orbits of length h
′(er).
The action AH(x) of an orbit x on level r=r0 is h′(er0)·er0 −h(er0). The action of orbits
of type I is hence smaller than ε and for type II close to some h′(er) ∈ spec(α). With
aα := min spec(α) > 0, we find that the action difference between type I and II is at
least 1
2
aα + ε for ε small.
Note that H takes the form H(r, p) = h(er−f(p)) with respect to coordinates (r, p) ∈ R×Σ
adapted to the reference hypersurface Σ = ∂V , so H ∈ Ad(V ). For a fixed Morse
function k on N , we set FC0(H) := FC<ε(H, k) and FC+(H) := FC>ε(H, k) =
FC(H, k)
/
FC<ε(H, k). Note that FC+(H) is generated by the orbits of type II, i.e. by
the closed Reeb orbits.
For two contact forms α± let Hα± be Hamiltonians adapted to α± respectively. If
Hα+ ≺ Hα− , it is not difficult to find an admissible homotopy Hαs , such that αs is a
homotopy of contact forms for ξ, Hαs is adapted to αs for each s, Hαs ≡ Hα− for s≤0
and Hαs ≡ Hα+ for s≥+1. Note that ∂sHαs ≤ 0 does not necessarily hold, so that con-
tinuation maps as described above may not be defined on FH+(Hα±). However, ∂sHαs
is bounded from above, as the admissibility implies outside of a compact set
∂sHαs = ∂s
(
as·er−fs(p) − as
) ≤ 0.
Lemma 17. If ∂sHαs ≤ 12aα−, then there are well-defined continuation maps σ∗(H−, H+)
mapping FH0(H+) into FH
0(H−) and FH+(H+) into FH+(H−).
Proof: A solution u of (1) with lim
s→±∞
u = x± ∈ P(Hα± , k±) satisfies by Lem. 15:
AHα+ (x+)−AHα− (x−) ≥ −
∫ ∞
−∞
∫ 1
0
(∂sHαs)(u)dt ds ≥ −
∫ 1
0
∫ 1
0
aα−
2
dt ds = −aα−
2
.
This implies that if x+ is an orbit of type I, i.e. with action less than ε, then x− is also
of type I, as its action is at most ε + 1
2
aα− < aα− , smaller than any action for type II.
The continuation map σ#(H−, H+) hence maps FC0(H+) to FC0(H−), which implies
that σ#(H−, H+) also maps FC+(H+) = FC>ε(H+) to FC+(H−) = FC>ε(H−).
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If ∂sHαs ≤ 12aα− does not hold, we can use the following trick due to Cieliebak and
Frauenfelder, [10]. Fix a smooth monotone cutoff function β ∈ C∞(R, [0, 1]) satisfying
β(s) = 1 for s≥1 and β(s) = 0 for s≤0. Set a0 := min aαs = min
⋃
s spec(αs), which is
positive as Rαs has no zero for all s. Fix N ∈ N and define for 0 ≤ j ≤ N−1 homotopies
αjs := α j+β(s)
N
, Hjs := Hajs between Hamiltonians H
j := Hαj/N , 0 ≤ j ≤ N.
Note that all Hjs , H
j are admissible, H0=Hα− , H
N=Hα+ and ∂sH
j = β
′(s)
N
(∂sH)αjs . As
∂sHαs is bounded from above, we can assume that for N large enough holds ∂sH
j
s ≤ a0
for each 0 ≤ j ≤ N−1. Hence, we obtain by Lem. 17 that the continuation maps
σ∗(Hj−1, Hj) : FH0(Hj)→ FH0(Hj−1) and FH+(Hj)→ FH+(Hj−1) are well-defined.
Then we set
σ∗(H−, H+) := σ∗(H0, H1) ◦ σ∗(H1, H2) ◦ ... ◦ σ∗(HN−1, HN),
which maps FH0(H+) into FH
0(H−) and FH+(H+) into FH+(H−).
It follows from the homotopy of homotopies argument and the composition rule that
this definition of σ∗(H−, H+) does not depend on the chosen homotopy Hαs nor on
its decomposition {Hjs} into slower homotopies. The map σ∗(H−, H+) : FH+(H+) →
FH+(H−) is hence well-defined and we can define the positive Symplectic Homology as
the direct limit over these maps: SH+(V ) = lim−→FH
+(H).
Its invariance under Liouville isomorphisms follows in the same way as in Prop. 14.
Moreover, we have the long exact sequence
...→ SH0∗ (V )→ SH∗(V )→ SH+∗ (V )→ SH0∗−1(V )→ ..., (4)
where SH0∗ (V ) ∼= Hn−∗(V, ∂V ) holds by the usual argument (see [39] or [11], Lem. 2.1),
as Hamiltonians adapted to a fixed contact form are a cofinal family for this direct limit.
2.6. The Conley-Zehnder index
We Z-grade the Symplectic Homology via the Conley-Zehnder index µCZ . For simplicity,
we restrict ourselves to the subcomplex of FC∗(H, h) generated by the contractible 1-
periodic orbits of XH , which is no restriction if V is simply connected. If we assume that
i∗ : pi1(∂V ) → pi1(V ) induced by the inclusion is injective and that µCZ is well-defined
on V , then this grading is independent of V .
To define µCZ(v) for a contractible 1-periodic Hamiltonian orbit v choose a map u from
the unit disc D ⊂ C to Σ such that u(e2piit) = v(t), which is possible, as γ is con-
tractible and i∗ injective. Then choose a symplectic trivialization Φ : D×R2n → u∗TV
of (u∗TV, u∗ω), or equivalently a trivialization of u∗ξ, as the Liouville and Reeb vector
field trivialize its complement. The linearization of the Hamiltonian flow ϕtXH along v
via Φ defines a path Ψ(t) in the group Sp(2n) starting at 1. The Maslov index of this
path (as defined in [32], [33]) is µCZ(v).
Let J0 denote the standard almost complex structure on R2n. Then every smooth path
Ψ : [a, b] → Sp(2n) can be written in the form d
dt
Ψ(t) = J0S(t)Ψ(t), where t 7→ S(t) is
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a smooth path of symmetric matrices. The Maslov index has in particular the following
properties (see [32] and [21]):
(CZ0) If sign(S) = 0 everywhere, then µCZ(Ψ) = 0.
(CZ1) If Ψ : [0, T ]→ Sp(2), Ψ(t) = eit, then µCZ(Ψ) =
⌊
T
2pi
⌋
+
⌈
T
2pi
⌉
.
(product) For Ψ⊕Ψ′ : [a, b]→ Sp(2n)⊕Sp(2n′) ⊂ Sp(2(n+n′)) holds
µCZ(Ψ⊕Ψ′) = µCZ(Ψ) + µCZ(Ψ′).
(naturality) µCZ(ΦΨΦ−1) = µCZ(Ψ), if Φ : [a, b]→ Sp(2n) is a contractible loop.
(zero) If dim ker
(
Ψ(t)−1) = k is constant on [a, b], then µCZ(Ψ) = 0.
(homotopy) µCZ(Ψ0) = µCZ(Ψ1), if Ψs, s ∈ [0, 1], is a homotopy with fixed endpoints.
(catenation) µCZ(Ψ|[a,b]) = µCZ(Ψ|[a,c]) + µCZ(Ψ|[c,b]) for any a < c < b.
If k·v denotes the k-fold iteration of a closed orbit v, then µCZ(k·v) satisfies due to [34],
Lemma 13.4, or [17], Lemma 60:
(iterations formula) µCZ(k·v) = k ·∆(v) +R(k, v), (5)
where ∆(v) is the mean index of v and R(k, v) is an error term that is bounded by
|R(k, v)| ≤ dim(ξ) = 2(n−1). The Conley-Zehnder index is also defined for Reeb orbits
(via the Reeb flow instead of the Hamiltonian flow). Moreover, these two indices coincide
for a closed XH-orbit v that is a reparametrization of a Reeb orbit.
A transversely non-degenerate orbit v ∈ P(H, h) is not graded by the Conley-Zehnder
index alone, but by the following Morse-Bott index (see [6] or [10])
µ(v) := µCZ(v) + µMorse(v)− 12 dimvN + 12sign
(
h′′(er)
)
, (6)
where µMorse(v) is the Morse index of v, dimvN the dimension of N near v and
sign
(
h′′(er)
)
the sign of h′′ on the level er, where v lives. The following lemma as-
serts that µ(v) is well-defined.
Lemma 18. µCZ(v) is constant on connected components of N .
Proof: If v0, v1 are two 1-periodic orbits of XH in the same connected component of N
and u0 : D→C is such that u0(e2piit) = v0(t), then we may construct u1 : D→C such that
u1(e
2piit) = v1(t), u0(z) = u1(
1
2
z) ∀ z∈D and vs(t) := u1(12(s+1)e2piit), s ∈ [0, 1] defines
a path of 1-periodic XH-orbits between v0 and v1. Choosing a symplectic trivialization
Φ0 of (u
∗
0TV, u
∗
0ω), we may extend this to a trivialization Φ1 of (u
∗
1TV, u
∗
1ω). Then, we
find that Ψ1 = Φ
−1
1 (v1) ◦ DϕtXH (v1) ◦ Φ1(v1) is homotopic with fixed endpoints to the
catenation Λ1 ∗Ψ0 ∗ Λ0, where
Ψ0(t) = Φ
−1
0 (v0(t)) ◦DϕtXH (v0(0)) ◦ Φ0(v0(0)),
Λ0(s) = Φ
−1
1−s(v1−s(0)) ◦Dϕ0XH (v1−s(0)) ◦ Φ1−s(v1−s(0)),
Λ1(s) = Φ
−1
s (vs(1)) ◦Dϕ1XH (vs(0)) ◦ Φs(vs(0)).
Here, Λ0 ≡ 1, while dim ker(Λ1(s)−1) = dimvN . Using (zero), (homotopy) and (cate-
nation), we conclude µCZ(Ψ1) = µCZ(Λ1) + µCZ(Ψ0) + µCZ(Λ0) = µCZ(Ψ0).
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2.7. Asymptotically finitely generated contact structures
Let H be a Hamiltonian adapted to a contact form α as in 2.5, i.e. H is a Morse function
g inside Vα and cylindrical convex on [−ε,∞)×Σα. If we assume that α satisfies (MB)
then we know that the non-constant orbits of XH form a manifold N which agrees with
the manifold formed by the closed Reeb orbits. If we choose a Morse function h on N ,
then FC(H, h) is generated by critical points of h and g, while FC+(H, h) is generate
by critical points of h. If critk(g) denotes the critical points of g with Morse-Bott index
k, then FCk(H, h) is generated by at most #critk(h) + #critk(g) many critical points
and FC+k (H, h) by at most #critk(h) both for any H of the above form and hence
rkFHk(H, h) ≤ #critk(h) + #critk(g) ⇒ rkSHk(V ) ≤ #critk(h) + #critk(g),
rkFH+k (H, h) ≤ #critk(h) ⇒ rkSHk(V ) ≤ #critk(h).
Unfortunately, #critk(h) may be infinite. For example, the result of a surgery construc-
tion may have infinitely many new orbits. However, we can assume that we have only
finitely many orbits up to a certain length which motivates the following definition.
Definition 19.
Let (Σ, ξ) be a compact contact manifold and let α be a contact form for ξ. We say that
ξ is an asymptotically finitely generated contact structure in degree k with
bound bk(ξ), if there exist sequences of smooth functions fl : Σ → R and real numbers
(al) ⊂ R such that
• log al − fl(p) ≤ log al+1 − fl+1(p) and lim
l→∞
(
log al − fl(p)
)
=∞ for all p ∈ Σ,
• all contractible Reeb orbits of length at most al of the contact form αl := efl ·α are
transversely non-degenerate and among these orbits at most bk(ξ) have Morse-Bott
index k for some choice of a Morse function h on N .
Remarks 20. • We do not require that the αl are distinct. In particular α = αl ∀ l
is possible, if for α itself all closed Reeb orbits are transversely non-degenerate and
only finitely many have Morse-Bott index k. In this situation, bk(ξ) can be chosen
to equal the number of closed Reeb orbits of α having Morse-Bott index k.
• By slightly increasing the al if necessary, we can always assume that al 6∈ spec
(
αl
)
.
• The first condition is equivalent to ( log al − fl)→ +∞ uniformly in l. Moreover,
we can assume without loss of generality that al+1 ≥ al and fl+1 ≤ fl ≤ 0. Indeed,
if this does not hold, set M1 := maxp f1(p), Ml+1 := maxp
(
fl+1(p)−fl(p)
)
and
consider the new sequences
fˆl := fl−Ml−...−M1 and aˆl := al · exp
(−Ml−...−M1).
Then fˆ1 ≤ 0 and fˆl+1 = fl+1−Ml+1−Ml−...−M1 ≤ fl−Ml−...−M1 = fˆl. More-
over, log aˆl−fˆl = log al−fl, hence
(
log aˆl−fˆl
) → ∞. As Ml+1 = fl+1(p0)−fl(p0)
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for at least one p0 ∈ Σ, we have fˆl+1(p0) = fˆl(p0) and hence by the first a.f.g.
condition:
log aˆl − fˆl(p0) ≤ log aˆl+1 − fˆl+1(p0) ⇔ aˆl ≤ aˆl+1.
Finally, αˆl = e
−(Ml+...+M1) · αl, so the new Reeb vector field is Rˆl = eMl+...+M1 ·Rl.
Thus all closed Reeb orbits of Rl of length at most al are in 1-1 correspondence to
the closed Reeb orbits of Rˆl of length at most aˆl.
• The existence of a.f.g. contact structures is guaranteed by Prop. 2 and 3.
• Recently, similar definitions have been introduced in the literature. For example
in [25] the notion of convenient dynamics and in [27] the notion of asymptotically
dynamically convex. All three definitions work with sequences of contact forms
with “nice” closed Reeb orbits below a certain length. Yet, here is the main
difference: We do not require any form of index positivity or negativity, but we
require that there are only finitely many closed orbits for some index k.
Proof of Proposition 7.
Let (Σ, ξ) be a closed contact manifold with exact filling (V, λ) and well-defined Conley-
Zehnder index. If ξ is a.f.g. in degree k with bound bk(ξ), we have to show that
rkSH+k (V ) can be bounded in terms of bk(ξ).
Set α := λ|TΣ and let αl = efl ·α and (al) ⊂ R, al 6∈ spec(αl), be sequences as in Defn. 19,
showing that ξ is a.f.g.. Let Σl := Σαl and Vl := Vαl be associated to αl as in 2.1. Let Hl
be adapted to αl as in 2.5, i.e. H is a Morse function g inside Vl and is on [−ε,∞)×Σl
of the form Hl(r, p) = hl(e
r) with h′′l ≥ 0 and hl(er) = aler − al on [0,∞)×Σl. If we
express Hl in the fixed coordinates [0,∞)×Σ, it takes for r sufficiently large the form
Hl(r, p) = ale
r−fl(p) − al.
Apparently, each Hl is an admissible Hamiltonian. As log al+1 − fl+1 ≥ log al − fl, we
find that Hl+1 ≺ Hl for all l and liml→∞(log al − fl) =∞ implies that (Hl) is cofinal in
Ad(V ). Hence we have that
lim
l→∞
FH∗(Hl) = SH∗(V ) and lim
l→∞
FH+∗ (Hl) = SH
+
∗ (V ),
where we use the definition of SH+∗ (V ) as described in 2.5. As shown in 2.5, FH
+(Hl)
is generated by orbits of type II, i.e. by the closed Reeb orbits of αl. As there are for
each l at most bk(ξ) closed Reeb orbits of αl with Morse-Bott index k, we find that
rkFH+k (Hl) ≤ rkFC+k (Hl) ≤ bk(ξ)
lim−→=⇒ rkSH+k (V ) ≤ bk(ξ).
With the long exact sequence (4): ... → SH0k(V ) → SHk(V ) → SH+k (V ) → ..., where
SH0k(V )
∼= Hn−k(V, ∂V ), we obtain the estimate
rkSHk(V ) ≤ rkSH0k(V ) + rkSH+k (V ) ≤ rkHn−k(V, ∂V ) + bk(ξ).
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2.8. The transfer morphisms
Following Viterbo, [39], we show in this section for Liouville subdomains W ⊂ V the
existence of the transfer maps
pi∗(W,V ) : SH∗(V )→ SH∗(W ) and pi∗(W,V ) : SH∗(W )→ SH∗(V ).
As shown in 2.4, we have maps SH∗(V )→ SH≥0∗ (W⊂V ) and SH∗≥0(W⊂V )→ SH∗(V )
coming from the projection in action filtered complexes. We will show in Prop. 21 and
Cor. 22 the identities SH≥0∗ (W⊂V ) = SH∗(W ) and SH∗≥0(W⊂V ) = SH∗(W ), so that
these projections are the transfer maps. Prop. 21 is based on ideas by Viterbo, [39],
however the proof follows McLean, [29]. We include it here for completeness and as the
use of the No-Escape Lemma provides simplifications.
Proposition 21 (McLean,[29]).
Let W ⊂ V be a Liouville subdomain. Then, there exists an increasing cofinal sequence
(Hn) ⊂ Ad≥0(W⊂V ) and a sequence of decreasing admissible homotopies (Hn,n+1) be-
tween them such that
1. Hn|W , Hn,n+1|W are admissible Hamiltonians/homotopies on (W,ω),
2. all 1-periodic orbits of XHn in W have positive action and all 1-periodic orbits of
XHn in V̂ \W have negative action,
3. all AH-gradient trajectories of Hn or Hn,n+1 connecting 1-periodic orbits in W are
entirely contained in W for all admissible J that are of contact type near ∂W .
Proof: It will be convenient to use z = er rather than r for the radial coordinate in
the completions (Ŵ , ω̂) and (V̂ , ω̂). We embed Ŵ into V̂ using the flow of the Liouville
vector field Y . The cylindrical end [1,∞) × ∂W is then a subset of V̂ . The radial
coordinate is denoted zW on ∂W × (0,∞) and zV on ∂V × (0,∞). We chose a constant
P such that {zW≤1} ⊂ {zV≤P}, which implies {zW≤C} ⊂ {zV≤C·P} for any C > 0.
Let αW := λ|T∂W , αV := λ|T∂V and assume that (∂W,αW ) and (∂V, αV ) satisfy (MB).
For the construction of Hn choose an increasing sequence (an) ⊂ R+ with an →∞ and
(an) 6∈
(
spec(∂W,αW ) ∪ 4P ·spec(∂V, αV )
)
for all n.
Let µn : = dist
(
an, spec(∂W,αW )
)
= min
a∈spec(∂W,αW )
|an − a| > 0,
let (εn) be a decreasing sequence with εn → 0 and ε1 sufficiently small. Finally, let Zn
be an increasing sequence such that: Zn >
an
µn
and Zn > 2. (∗)
To ease notation, we write only Z, a, µ, ε, whenever there is no danger of confusion.
Next, we describe the Hamiltonian Hn (see figure 1 for a schematic illustration):
Inside W \([1−ε, 1)×∂W) let Hn be a C2-small Morse function with −2ε < Hn < ε. On
[1−ε, Z]×∂W let it be of the form Hn(zW , p) = g(zW ) with g(1) = −ε, 0 ≤ g′(zW ) ≤ a
and g′(zW ) ≡ a for 1 ≤ zW ≤ Z−ε. On [Z, 2Z]×∂W let Hn ≡ Bn ≈ an·(Zn−1) be
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III
IV
V
zW = 1
B
−2ε
slope a
slope 14P a
zW = Z zV = 2ZP
Fig. 1: The Hamiltonian Hn and the areas of the five obit types
constant.
On [1,∞)×∂V keepHn constant until we reach the hypersurface defined by zV = 2ZP−ε
(recall {zW≤2Z} ⊂ {zV≤2ZP}). Then let Hn be of the form Hn(zV , p) = f(zV ) for
zV ≥ 2ZP−ε with 0 ≤ f ′(zV ) ≤ 14P a and f ′(zV ) ≡ 14P a for zV ≥ 2ZP .
Recall that forH(z, p) = h(z) the action of anXH-orbit on a fixed z-level is h
′(z)·z−h(z).
Hence we distinguish five types of 1-periodic orbits of XH :
I : critical points inside W of action ≥ ε (as Hn ≤ −ε and C2-small inside W )
II : non-constant orbits near zW = 1 of action ≈ g′(z) > 0
III : non-constant orbits on zW = c for c near Z of action
≈ g′(c) · c−B < (a−µ) · Z −B ≈ −µ · Z + a (∗)< 0
IV : critical points in Z < zW , zV < 2ZP − ε of action −B < 0
V : non-constant orbits on zV = c for c near 2ZP of action
≈ f ′(c)·c−B < 1
4P
a·2ZP −B ≈ 1
2
aZ − a(Z−1) = 1
2
a(2−Z) (∗)< 0.
Hence, (Hn) satisfies the second claim of the proposition. To see the first claim, note
that Hn|W < Hn+1|W (as −2εn+1 > −2εn and an+1 > an) and that the linear extensions
of Hn|W to Ŵ form a cofinal sequence of admissible Hamiltonians on W .
In fact Hn < Hn+1 holds globally: As
1
4P
an <
1
4P
an+1, we have Hn < Hn+1 for zV large
enough. Yet, the most dangerous area is around zV = 2Zn+1P (see figure 2). There we
estimate:
Hn(2Zn+1P ) = hn(2Zn+1P ) =
1
4P
an·2Zn+1P +Bn − 12anZn
≈ 1
2
anZn+1 +an(Zn−1)−12anZn
< 1
2
an+1Zn+1 + an+1(
Zn+1
2
−1) = an+1(Zn+1−1) = Bn+1
≈ Hn+1(2Zn+1P ).
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zW = 1
Hn+1
Bn
Bn+1
Hn
Zn 2ZnP
Zn+1 2Zn+1P
Fig. 2: Two Hamiltonians Hn and Hn+1
As Hn < Hn+1, we find a decreasing homotopy Hn,n+1 between Hn+1 and Hn such that:
Hn,n+1(zW , p) = a
W
s ·zW + bWs near zW = 1, ∂s
(
Hn,n+1−bWs
) ≤ 0 for zW ≥ 1
Hn,n+1(zV , p) = a
V
s ·zV + bVs and ∂s
(
Hn,n+1−bVs
) ≤ 0 for zV ≥ 2Zn+1P.
If we choose an admissible J which is of contact type near zW = 1, then it follows
from the No-Escape Lemma (Cor. 13) that all AH-gradient trajectories for Hn or Hn,n+1
connecting 1-periodic orbits inside W stay inside W for all time. Hence the third claim
is satisfied.
Corollary 22. SH≥0∗ (W⊂V ) ' SH∗(W ) and SH∗≥0(W⊂V ) ' SH∗(W ).
Proof: We only prove the corollary for homology, cohomology being completely analog.
Take the sequence of Hamiltonians (Hn) constructed in Prop. 21. Clearly it is cofinal
and (Hn) ⊂ Ad≥0(W⊂V ), as 1-periodic orbits with positive action are either isolated
critical points inside W (as H is Morse and C2-small there) or isolated Reeb-orbits near
zW = 1 – in both cases non-degenerate. Hence we have
SH≥0∗ (W⊂V ) = lim−→ FH
≥0
∗ (Hn).
Let H˜n ∈ Ad(W ) be the linear extension of Hn|W to Ŵ with slope an. Then we have
obviously FC≥0∗ (Hn) = FC∗(H˜n). As any AH-gradient trajectory connecting 1-periodic
orbits in W stays in W , the boundary operators on FC≥0∗ (Hn) and FC∗(H˜n) coincide
and we have FH≥0∗ (Hn) = FH∗(H˜n). As theAH-gradient trajectories for the homotopies
Hn,n+1 stay inside W , the continuation maps σ(Hn+1, Hn) : FH
≥0
∗ (Hn)→ FH≥0∗ (Hn+1)
coincide with the continuation maps σ(H˜n+1, H˜n) : FH∗(H˜n)→ FH∗(H˜n+1). Hence:
SH≥0∗ (W⊂V ) = lim−→FH
≥0
∗ (Hn) = lim−→FH∗(H˜n) = SH∗(W ).
In the literature, there is a second description of the transfer maps which goes as follows.
Let (Hn) be the Hamiltonians described in Prop. 21 and let (Kn) be the following
sequence of Hamiltonians: Inside V we require that Kn is a C
2-small Morse function
such that Kn|W ≤ Hn|W and on [1− ε,∞)× ∂V let it be of the form Kn(zV , p) = f(zV )
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zW = 1
B
−2ε
slope 14P a
zW = Z zV = 2ZPzV = 1
Kn
Hn
slope 14P a
Fig. 3: The two Hamiltonians Hn and Kn
with 0 ≤ f ′(zV ) ≤ an4P , where an and P are as in Prop. 21 (see figure 3).
We find that Kn ≤ Hn everywhere, as in particular
K(2ZP ) ≈ 2ZP · a
4P
− a
4P
= a
(
Z −
(Z
2
+
1
4P
)) (Z>2)
< a(Z−1) ≈ B = H(2ZP ).
Hence, we can find an everywhere increasing homotopy between Kn and Hn, defining a
continuation map σ∗(Kn, Hn) : FH∗(Kn) → FH∗(Hn) which respects action filtration.
The second version of the transfer map p˜i∗(W,V ) is the limit of these continuation maps:
p˜i∗(W,V ) : SH∗(V )
(∗)
= lim−→FH
≥0
∗ (Kn)
σ∗(Kn,Hn) // lim−→FH
≥0
∗ (Hn) = SH∗(W ) .
Here, the identity (∗) is due to the fact that all 1-periodic orbits of Kn have positive
action. The advantage of this transfer map is precisely that it respects action filtration.
Hence it defines a map p˜i∗(W,V ) : SH+∗ (V ) → SH+∗ (W ). However, the advantage of
the first definition of pi∗(W,V ) is that it fits into the following exact triangle, where the
third group has a geometric meaning:
SH∗(V ) = SH∗(W⊂V ) pi∗(W,V ) // SH≥0∗ (W⊂V ) = SH∗(W )
[−1]tt
SH<0∗ (W⊂V )
jj
.
Proposition 23. pi∗(W,V ) and p˜i∗(W,V ) are the same map: SH∗(V )→ SH∗(W ). The
same holds true for the corresponding maps on cohomology.
Proof: We can slightly modify the construction of the Hn, such that its 1-periodic
orbits are all transversely non-degenerate and Hn ∈ Ad(V ). We just have to require on
Z ≤ zW , zV ≤ 2ZP −ε that Hn−B is a C2-small Morse function instead of Hn ≡ B
being constant there. Then we have that FH∗(Hn) is well-defined.
Claim : FH∗(Hn) ∼= FH∗(Kn).
Proof: Note that Kn and Hn differ on [R,∞) × ∂V only by a constant for R large.
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Hence we can find a homotopy Hs between them such that Hs and H−s are both ad-
missible. This provides continuation maps σ∗(Kn, Hn) : FH∗(Kn) → FH∗(Hn) and
σ∗(Hn, Kn) : FH∗(Hn) → FH∗(Kn). They satisfy σ∗(Hn, Kn) ◦ σ∗(Kn, Hn) = idFH(Hn)
and σ∗(Kn, Hn) ◦ σ∗(Hn, Kn) = idFH(Kn), which implies that they are isomorphisms.
As the homotopy from Kn to Hn can be chosen everywhere increasing, we find that
σ∗(Kn, Hn) respects action filtration and we have the following commutative diagram
FH∗(Hn)
piHn // FH≥0∗ (Hn)
FH∗(Kn)
∼= σ∗(Kn,Hn)
OO
piKn
∼=
// FH≥0(Kn).
σ∗(Kn,Hn)
OO
Applying the direct limit yields again a commutative diagram, where isomorphisms are
taken to isomorphisms:
lim−→FH∗(Hn)
pi∗(W,V ) // lim−→FH
≥0
∗ (Hn) SH∗(W )
SH∗(V ) lim−→FH∗(Kn)
∼=
OO
∼=
// lim−→FH
≥0(Kn).
p˜i∗(W,V )
OO
Hence, we find that pi∗(W,V ) and p˜i∗(W,V ) coincide on homology. The same arguments
work also for cohomology, since lim←− preserves isomorphisms, as it is left exact.
3. Contact surgery and handle attaching
In this section, we first describe the general construction for contact surgery, which is
done by attaching a symplectic handle H to the symplectization of a contact manifold.
Then, we describe explicitly symplectic handles as subsets of R2n given by the intersec-
tion of two sublevel sets {ψ<−1}∩{φ>−1} for functions φ and ψ on R2n. Subsequently,
we describe how to extend an admissible Hamiltonian over the handle to a new admis-
sible Hamiltonian with only few new 1-periodic Hamiltonian orbit. The proofs of the
Invariance Theorem (Thm. 9) and of the invariance of a.f.g. under subcritical surgery
(Prop. 3) conclude this section.
3.1. Surgery along isotropic spheres
We briefly recall the contact surgery construction due to Weinstein, [42]. Consider an
isotropic sphere Sk−1 in a (2n−1)-dimensional contact manifold (N, ξ). The 2-form
ω = dα for a contact form α for ξ defines a natural conformal symplectic structure on ξ.
Let ⊥ω be the ω-orthogonal on ξ. As S is isotropic, TS ⊂ TS⊥ω . So, the normal bundle
of S in N decomposes as
TN/TS = TN/ξ ⊕ ξ/(TS)⊥ω ⊕ (TS)⊥ω/TS.
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The Reeb field R trivializes TN/ξ, while ξ/(TS)⊥ω is canonically isomorphic to T ∗S via
v 7→ ιvω. The conformal symplectic normal bundle CSN(S) := (TS)⊥ω/TS carries a
natural conformal symplectic structure induced by ω. As S is a sphere, the embedding
Sk−1 ⊂ Rk provides a natural trivialization of RR ⊕ T ∗S. This trivialization together
with a conformal symplectic trivialization of CNS(S) specifies a framing for S in N .
Following [42], an isotropic setup is a quintuple (P, ω, Y,Σ, S), where (P, ω) is an exact
symplectic manifold, Y a Liouville vector field for ω, Σ a hypersurface transverse to Y
and S an isotropic submanifold of Σ. Isotropic setups satisfy the following variant of
the neighborhood theorem for isotropic manifolds:
Proposition 24 (Weinstein,[42]). Let (P0, ω0, Y0,Σ0, S0) and (P1, ω1, Y1,Σ1, S1) be two
isotropic setups. Given a diffeomorphism φ : S0 → S1 covered by an isomorphism
CSN(S0) → CSN(S1), there exist neighborhoods Uj of Sj in Pj and an extension of φ
to an isomorphism of isotropic setups
φ : (U0, ω0, Y0,Σ0 ∩ U, S0)→ (U1, ω1, Y1,Σ1 ∩ U1, S1).
Contact surgery along an isotropic sphere is now defined as follows. Let H ≈ Dk×D2n−k
be a symplectic handle (see 3.2) and let Sk−1 be an isotropic sphere in (N, ξ). Given a
standard framing for S, Prop. 24 allows us to glue the (lower) boundary Sk×D2n−k of
H to the symplectization [0, 1]×N along the boundary part U1 ∩ [0, 1]×N of a tubular
neighborhood U1 of {1}×S (see Figure 4). We obtain an exact symplectic manifold
P := [0, 1]×N ∪S H with two boundary components ∂−P := {0}×N and ∂+P . Both
components are contact and ∂+P is obtained from N by surgery along S.
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Fig. 4: N × [0, 1] with handle attached
3.2. Symplectic handles
We consider R2n with symplectic coordinates (q, p) = (q1, p1, ... , qn, pn) and the following
Weinstein structure (cf. [42]):
λ :=
∑k
j=1 (2qjdpj + pjdqj) +
∑n
j=k+1
1
2
(qjdpj − pjdqj) , dλ = ω :=
∑n
j=1 dqj ∧ dpj,
Y :=
∑k
j=1
(
2qj∂qj − pj∂pj
)
+
∑n
j=k+1
1
2
(
qj∂qj + pj∂pj
)
,
φ :=
∑k
j=1
(
q2j − 12p2j
)
+
∑n
j=k+1
1
2
(
q2j + p
2
j
)
.
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Note that Y is the Liouville vector field for λ, as ιY ω = λ. For convenience, we introduce
furthermore functions x, y, z : R2n → R with Hamiltonian vector fields Xx, Xy, Xz:
x = x(q, p) =
∑k
j=1 q
2
j , y = y(q, p) =
∑k
j=1
1
2
p2j , z = z(q, p) =
∑n
j=k+1
1
2
(q2j + p
2
j),
Xx =
∑k
j=1 2qj∂pj , Xy =
∑k
j=1−pj∂qj , Xz =
∑n
j=k+1
(
qj∂pj − pj∂qj
)
.
This allows us to write φ = x− y + z and Xφ = Xx −Xy +Xz.
Consider the level surface Σ− := {φ = −1} which is transverse to Y , so that (Σ−, λ|Σ−) is
contact. The set S := {x=z=0, y=+1} is an isotropic sphere in Σ− and (R2n, ω, Y,Σ−, S)
is the isotropic setup where we glue a symplectic handle H to a contact manifold. In
order to specify H, we choose a different Weinstein function ψ on R2n, satisfying the
following assumptions:
(ψ1) Xψ = Cx·Xx − Cy·Xy + Cz·Xz, where Cx, Cy, Cz ∈ C∞(R2n) with Cx, Cy, Cz > 0,
(ψ2) ψ = φ on {φ ≤ −1} except for a small neighborhood of S,
(ψ3) The closure {ψ<−1} ∩ {φ>−1} is diffeomorphic to Dk×D2n−k.
The handle is then defined as H := {ψ<−1} ∩ {φ>−1} (see Fig. 5).
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Fig. 5: The handle H
Remarks 25. • If ψ(0) 6= −1, it follows from (ψ1) that the level set Σ+ := {ψ=−1}
is also a contact hypersurface, as Y ·ψ > 0 away from 0. Due to (ψ2), we have
Σ− = Σ+ away from a neighborhood of S. Condition (ψ3) on the other hand
assures that Σ+ is obtained from Σ− by surgery along S.
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• Condition (ψ1) is automatically satisfied if ψ = ψ(x, y, z) is a function on x, y, z
with ∂xψ, ∂zψ > 0 and ∂yψ < 0 as its Hamiltonian vector field is then given by
Xψ =
(
∂ψ
∂x
·Xx + ∂ψ
∂y
·Xy + ∂ψ
∂z
·Xz
)
.
• H stays unchanged if we take φ′ = a·φ + b and ψ′ = a·ψ + b for a, b ∈ R, a > 0,
provided we set H = {ψ′<−a+b} ∩ {φ′>−a+b}.
• Consider the Lyapunov function L(q, p) := ∑kj=1 qjpj. Note that (ψ1) implies
Xψ·L > 0 away from the critical points of L, which shows that all periodic orbits
of Xψ are contained in the set {x=y=0}. The same holds true for ψ′ = a·ψ + b.
It is not difficult to find a Weinstein function ψ : R2n → R satisfying (ψ1)–(ψ3). Fix
two constants ε, δ > 0 and choose a smooth function g : R→ (−∞, 1] such that
g(t) =
{
1
1+2ε
· t for t ≤ 1
1 for t ≥ 1 + 3ε and 0 ≤ g
′(t) ≤ 1
1+2ε
.
Then set ψδ := x− y + z − (1+ε) + (1+ε) · g
(
y + 1
δ
(x+z)
)
. (7)
Hδ := {ψδ<−1} ∩ {φ>−1}.
Remarks 26. • Decreasing ε or δ makes the handle thinner, i.e. Σ− ∩Hδ becomes
smaller. However, we will fix ε and decrease only δ.
• For reference, let us fix δ0, ψδ0 , the associated handle Hδ0 and the hypersurface
Σ+ :=
{
ψδ0=−1
}
. A different choice of δ and ψδ defines a different handle Hδ (see
Fig. 6). However, the symplectic geometric result when attaching the handles to
a symplectic manifold W is the same, meaning that the completions Ŵ∪Hδ0 and
Ŵ∪Hδ agree.
Indeed, if δ ≤ δ0 then ψδ ≥ ψδ0 and as ψδ0 , ψδ increase along flow lines of
Y , each flow line of Y not inside {x=z=0} first hits Σδ:= {ψδ=−1} and then
Σ+:= {ψδ0=−1}. Hence Σδ can be identified with a hypersurface in the symplec-
tization of Σ+ given as a graph of a function f : Σ+ → (−∞, 0], where f(p) is the
unique time such that ϕ−f(p)(p) ∈ Σδ for the flow ϕt of Y .
• Note that ({x=y=0}, Y |{x=y=0}) is a Liouville subspace. This allows us to identify
{x=y=0} with the symplectization R×(Σδ∩{x=y=0}). Moreover for x=y=0 and
z ≤ δ holds
ψδ(0, 0, z) =
(
1 +
1 + ε
δ(1+2ε)
)
z − (1+ε).
As ϕt satisfies z(ϕt(q, p)) = et·z(q, p) for any (q, p) ∈ R2n, t ∈ R, we can for z ≤ δ
express ψδ in symplectization coordinates (r, p) on {x=y=0} in the form
ψδ(r, p) = aδ·er − (1+ε).
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Hδ
Hδ0 Hδ0
Fig. 6: Two handles
As r = 0 corresponds to Σδ in {x=y=0} and as the z-value on Σδ ∩ {x=y=0} is
smaller then δ and ψδ(Σ
δ) = −1, we have
−1 = aδ·e0 − (1+ε) ⇔ aδ = ε.
This shows that ψδ has for any δ on Σ
δ ∩ {x=y=0} the slope ε in radial direction.
Discussion 27. Let α0 = λ|Σ− be the contact form on Σ− and let f : Σ− → R
be a smooth function. Then αf = e
f ·α0 is a contact form on Σ− defining the same
contact structure. As discussed in 2.1, αf is the contact form on the hypersurface
Σ−f =
{
(f(p), p) | p ∈ Σ−} in the symplectization of (Σ−, α0). Note that (Σ−f , αf ) is
easily identified with a contact hypersurface in R2n (also denoted by Σf ) via the Liouville
flows of ∂r on R×Σ− and of Y on R2n.
As being isotropic does only depend on the contact structure, S is isotropic in Σ− and
Σ−f . More precisely, we identify S with Sf =
{
(f(p), p)
∣∣ p ∈ S⊂Σ−}. We can define (as
above) a handle Hf attached to Σ−f along Sf instead of Σ− along S. If Hf is sufficiently
thin and f |S ≤ 0, we can understand Hf as a set inside H as follows: Denote by Σ+f the
other boundary of Hf . Using again the flows of ∂r and Y , we can identify Σ+f with the
hypersurface
{
(f(p), p)
∣∣ p ∈ Σ+} in the symplectization of Σ+ and consequently with a
hypersurface in R2n which agrees with Σ−f outside a compact set. The compact region
bounded by Σ−f and Σ
+
f in R2n is then identified with Hf (see Fig. 7).
3.3. Linear extensions over the handle
In the proof of the Invariance Theorem, we need Hamiltonians H ∈ Ad(W⊂W ∪H), i.e.
H|W < 0, positive outside W and linear on [R,∞)× ∂(W∪H) in Ŵ∪H for R large. As
we saw in the previous section, it is easy to extend a Hamiltonian H on W to W∪H, if it
is linear near ∂W . However, the extension of H to Ŵ∪H is more subtle, in particular if
XH should have outside W only few 1-periodic orbits with negative action, possibly only
one. Unfortunately, Cieliebak’s fundamental article on subcritical handle attachment,
[9], has a gap exactly at this point. In particular, it does not address the following
difficulties:
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Hf
Σ−f
Σ+f
Fig. 7: A handle for a different contact form
Discussion 28. Any Hamiltonian H on Ŵ∪H has at least one critical point outside
W , without loss of generality at the center c of H. Note that H > 0 outside of W , so
that c is a constant XH-orbit with negative action.
Fix a hypersurface Σ+ with contact form α+. This fixes cylindrical coordinates (z, p) ∈
(0,∞)×Σ+ on the cylindrical end of Ŵ∪H. Here, we switch again to z = er as radial
coordinate, such that Σ+={z=1}. In order to keep control of the 1-periodic orbits of
XH , we assume that outside a compact neighborhood of H holds that H is of the form
H(z, p) = a · z − b,
where b > 0 is a constant such that H restricted to ∂W = {z = z−} is negative. More-
over, we may assume that on the cocore of H (the set {x=y=0}) H is cylindrical,
i.e. H(z, p) = h(z) for a function h : R+ → R+. As H is differentiable, we find that
h(0) := limz→0 h(z) = H(c) extends h continuously. Note that H(c) and b may be
arbitrarily large, if H is part of an increasing cofinal sequence of Hamiltonians.
As H = a·z−b holds everywhere away from H, we find a z+, such that h(z) =
a·z−b ∀z ≥ z+. Without loss of generality, we may assume z+ to be minimal. Us-
ing the Mean Value Theorem on h, we find some z ∈ (0, z+) such that:
h(z+)− h(0) = h′(z) · (z+ − 0) ⇔ h′(z) · z+ +H(c) = h(z+) = a · z+ − b
⇒ (h′(z)− a) · z+ = −(b +H(c)). (∗)
Now, we consider several cases
• If H has a constant slope on {x=y=0}, i.e. if h′(z)=a ⇔ h(z)=az−b for all z,
then (∗) yields a contradiction, as b+H(c) 6= 0.
• If no closed XH-orbits exist in {x=y=0}, then |h′(z)−a| < µ, where µ is a constant
such that dist.(a, spec(α+)) < µ. Here, (∗) yields z+ > b+H(c)
µ
.
• If |h′(z) − a| ≥ µ for some z, then there exists z˜ with h′(z˜) ∈ spec(α+), i.e.
there exists a 1-periodic XH-orbit γ on {x=y=0}. Let z0 be the smallest of these
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z-values. Then h′(z) > h′(z0)− µ for all z ∈ (0, z0). This implies that
h(z0) ≥ h(0) + z0 · (h′(z0)− µ)
⇒ AH(γ) = h′(z0)·z0 − h(z0) ≤ z0·µ− h(0) = z0·µ−H(c).
If we require that the action of γ is positive, then AH(γ) > 0⇒ z+ > z0 > H(c)
µ
.
The first two cases include the case that apart from c, no new 1-periodic XH-orbits are
created on the cocore, while the third case covers the situation that all new orbits have
positive action. In both cases, we find that z+ is arbitrarily large, as b and H(c) are
arbitrarily large. As z+ was chosen to be minimal, this implies for a cofinal sequence of
Hamiltonians (Hn) that the set {x=y=0} ∩ {z≤z+} where Hn is not linear increases in
n and covers in the limit the cocore {x=y=0}. Up to now, the author does not see how
this can be accomplished without creating new 1-periodic orbits near H.
The solution to the problem described above is to allow more closed XH-orbits with
negative action on the cocore {x=y=0} of H. Using the Lyapunov function f , we can
show that we create new 1-periodic XH-orbits only on {x=y=0}. These can be explicitly
described and one can show that they do not contribute to the Symplectic Homology.
For the construction of such an H, we need the following two technical lemma:
Lemma 29. Consider R2n with the standard symplectic structure, the Liouville vector
field Y and the functions x, y, z with Hamiltonian vector fields Xx, Xy, Xz as given in
3.2. Let Σ ⊂ R2n be a smooth hypersurface transverse to Y (i.e. Σ contact) such that
its Reeb vector field R is of the form
R = cx·Xx − cy·Xy + cz·Xz, cx, cy, cz ∈ C∞(Σ), cx, cy, cz > 0.
Consider the function h˜Σ(y, r) = a·er + b on R × Σ and let hΣ := h˜Σ ◦ Φ−1 be its
pushforward onto R2n by the symplectic embedding Φ : R × Σ → R2n, (r, p) 7→ ϕr(p)
provided by the flow ϕt of Y . Then, the Hamiltonian vector field Xh of hΣ is of the form
Xh = Cx·Xx − Cy·Xy + Cz·Xz, Cx, Cy, Cz ∈ C∞(R2n), Cx, Cy, Cz > 0.
Remarks. The assumptions on Σ are satisfied, if Σ = ψ−1(c) for a function ψ on x, y, z
with ∂xψ
∣∣
Σ
, ∂zψ
∣∣
Σ
> 0 and ∂yψ
∣∣
Σ
< 0 and 0 6∈ Σ.
Proof: As Xh˜ = a·R on R×Σ, it follows that on R2n holds Xh|ϕt(Σ) = aet·Rt, where Rt
is the Reeb vector field on ϕt(Σ). By assumption, the Reeb vector field R on Σ satisfies
R = cxXx − cyXy + czXz =
∑k
j=1
(
cx 2qj∂pj + cy pj∂qj
)
+ cz
∑n
j=k+1
(
qj∂pj − pj∂qj
)
.
Since Y =
∑k
j=1
(
2qj∂qj − pj∂pj
)
+ 1
2
∑n
j=k+1
(
qj∂qj + pj∂pj
)
, its flow ϕt is given by
ϕt(q, p) =
(
... , e2t · qj, e−t · pj, ...︸ ︷︷ ︸
j=1,... ,k
, ... , et/2 · qj, et/2 · pj, ...︸ ︷︷ ︸
j=k+1,... ,n
)
.
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As LY λ = λ and LY ω = ω, we find for R and any ξ ∈ Tϕt(p)ϕt(Σ) that
λϕt(p)
(
DϕtpR
)
=
(
ϕt
∗
λ
)
p
(R) = et · λp(R) = et,
ωϕt(p)
(
DϕtpR , ξ
)
=
(
ϕt
∗
ω
)
p
(
R, (Dϕtp)
−1(ξ)
)
= et · ωp
(
R, (Dϕtp)
−1(ξ)
)
= 0,
as R is the Reeb vector field and (Dϕtp)
−1(ξ) ∈ TΣ. This shows that e−t ·DϕtR is the
Reeb vector field Rt of ϕ
t(Σ). Hence we find that Xh is of the announced form as
Xh|ϕt(Σ) = aet·Rt = a ·Dϕt(R) = ae−tcxXx − ae2tcyXy + aet/2czXz.
Lemma 30. Let (Σ, α) be a compact contact manifold with contact form α and sym-
plectization
(
R×Σ, ω=d(erα)) and let || · || denote a norm with respect to a metric given
by an ω-compatible almost complex structure. Let ε, δ, c > 0 be constants.
Then there exists a smooth monotone increasing function g : R→ [0, 1] such that
g(er) = 0 for r ≤ −ε and g(er) = 1 for r ≥ 0 (∗)
and for all φ, ψ ∈ C1(R × Σ) with φ|{0}×Σ = ψ|{0}×Σ and |∂rφ(r, p) − ∂rψ(r, p)| < c for
all (r, p) ∈ [−ε, 0]×Σ, holds that the Hamiltonian vector fields Xφ, Xψ satisfy
sup
(r,p)∈Σ×R
∣∣∣∣∣∣Xφ+(ψ−φ)g(r, p)− (Xφ(r, p) + (Xψ(r, p)−Xφ(r, p)) · g(er))∣∣∣∣∣∣ ≤ δ. (∗∗)
In other words, we can interpolate between φ and ψ along [−ε, 0] × Σ, such that the
Hamiltonian vector field Xφ+(ψ−φ)g of the interpolation is arbitrary close to the interpo-
lation of the Hamiltonian vector fields Xφ and Xψ.
Proof: As the Hamiltonian vector field of er is the Reeb vector field R, we calculate
Xφ+(ψ−φ)g(r, p) = Xφ(r, p) +
(
Xψ −Xφ
)
(r, p) · g(er) + (ψ − φ)(r, p) · g′(er) ·R(p).
Therefore, (∗∗) translates to∣∣∣∣(ψ − φ)(r, p) · g′(er) ·R(p)∣∣∣∣ ≤ δ ∀(r, p) ∈ [−ε, 0]×Σ.
Using φ|{0}×Σ = ψ|{0}×Σ, we can estimate the left hand side by∣∣∣∣(ψ−φ)(r, p)·g′(er)·R(p)∣∣∣∣ = ∣∣∣∣∣∣∣∣−∫ 0
r
∂s
(
ψ−φ)(s, p) ds · g′(er)·R(p)∣∣∣∣∣∣∣∣ ≤ −rcg′(er)||R||∞.
Writing z = er, we find that (∗∗) is satisfied, if 0 ≤ g′(z) ≤ −δ
c||R|| log z for all z ∈ [e−ε, 1].
As
∫ 1
e−ε
−δ
c||R|| log z dz =∞, we can choose a smooth function g˜ satisfying
0 ≤ g˜(z) ≤ −δ
c||R||∞ log z , g˜ ≡ 0 for z ≤ e
−ε or z ≥ 1 and
∫ 1
e−ε
g˜(z) dz = 1.
Setting g(er) = g(z) :=
∫ z
e−ε
g˜(s) ds then gives the desired function.
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Now, we construct H in two steps, first extending an admissible Hamiltonian H|W on
W via ψδ to W∪Hδ, then constructing a linear extension to Ŵ∪Hδ. For simplicity, we
assume that H|W = 1·er−2 near Σ− = {r}×∂W . Then Σ− = {H|W=−1} and H|W has
slope 1 on Σ−. For the general case H|W = a·er+b, we take H as constructed below and
extend H|W with a·H+b+2a. Explicitly, the two steps are as follows:
• Step 1: Recall that the isotropic sphere S ⊂ Σ− = {φ=−1} is given by
S := {x=z=0, y=1}.
For a small neighborhood U of S identify the isotropic setup
(
U, ω, Y,Σ− ∩ U, S)
with an isotropic setup
(
U, ω, Y, ({r}×∂W ) ∩ U, S) in W (by abuse of notation,
we use the same letters for identified objections on W resp. R2n). Consider the
following linear Hamiltonian
h˜−Σ : R× Σ− → R, h˜−Σ(, p) = 1·er − 2
and its pushforward h−Σ onto R2n defined by h
−
Σ = h˜
−
Σ ◦Φ−1, where Φ(r, p) = ϕr(p)
is the symplectic embedding provided by the flow ϕt of Y . Note that H|W coincides
with h−Σ under the identification of isotropic setups.
As the Reeb vector field RΣ− of (Σ
−, λ|TΣ−) coincides with the Hamiltonian vector
field Xφ on S, we find Xh−Σ
= RΣ− = Xφ and hence dh
−
Σ = dφ on S. As also
h−Σ(Σ
−) = φ(Σ−) = −1, we find that h−Σ and φ coincide up to first order on S.
Therefore, given any neighborhood U δ of S, there exists a function φˆ ∈ C∞(R2n)
and a neighborhood Uˆ δ ⊂ U δ, such that φˆ ≡ h−Σ on R2n \U δ, φˆ ≡ φ on Uˆ δ and φˆ is
arbitrarily C1-close to h−Σ. AsXφ = Xx−Xy+Xz andXh−Σ = C
−
x Xx−C−y Xy+C−z Xz
with C−x , C
−
y , C
−
z > 0 by Lem. 29, we can additionally arrange that
Xφˆ = Cˆx·Xx − Cˆy·Xy + Cˆz·Xz with Cˆx, Cˆy, Cˆz > 0.
As the Xx- and Xz-part of Xφ and Xh−Σ
are both 0 on {x=z=0}, we can make U δ
and Uˆ δ arbitrarily thin in the x- and z-direction, while keeping a fixed size in the
y-direction. This allows us to choose in (7) for the definition of ψδ one ε for all
handles. Fix ε sufficiently small and choose δ depending on U δ so small such that
the lower boundary Hδ∩Σ− = Σ− \ Σδ lies in Uˆ δ. Then set
Hˆ : W ∪Hδ → R, Hˆ =

ψδ on
(
Uˆ δ ∩ {φ≤−1}) ∪Hδ
φˆ on
(
U δ ∩ {φ≤−1}) \ Uˆ δ
H|W on W \ U δ
.
Since ψδ = φˆ outside a small neighborhood of Hδ, φ = φˆ on Uˆ δ and φˆ = h−Σ = K
outside U δ, we find that Hˆ is smooth on its domain. Moreover, as ψδ, φˆ and h
−
Σ
satisfy (ψ1) on U ∪Hδ, so does Hˆ, i.e. there exist smooth Cˆx, Cˆy, Cˆz > 0 such that
XHˆ = Cˆx·Xx − Cˆy·Xy + Cˆz·Xz.
See Figure 8 for the areas where Hˆ is defined.
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SThe handle Hδ
S
S
Uˆ ∩ {φ ≤ −1} U ∩ {φ ≤ −1}
The sets U δ ∩{φ≤−1} and Uˆ δ ∩{φ≤−1}
The area, where Hˆ is defined The completion of the handle [0,∞)×Σδ
Fig. 8: Areas, where ψˆ is defined
• Step 2 Consider on R × Σδ the linear function hδ given by h˜δ(r, p) = 1·er − 2
and its pushforward hδ = h˜δ to R2n by the flow of Y .
On Ŵ∪Hδ \
(
W∪Hδ
)
we define H by H = hδ.
On W∪Hδ we define H as an interpolation between Ĥ and hδ, i.e.
H := Hˆ +
(
hδ − Hˆ) · g(hδ),
where g is a function given by Lem. 30 such that for τ > 0 small holds
g
(
er−2) = 0 for r ≤ −τ and g(er−2) = 1 for r ≥ 0
and XH is arbitrarily close to the interpolation of XHˆ and Xhδ .
On R×(∂W\U δ) holds H|W = h−Σ = er−2 = hδ. Hence we interpolate in this area
between the same Hamiltonians. However on R×(∂(W∪Hδ) \ (∂W\U δ)), we have
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by Lem. 29 and the construction of Ĥ that
XHˆ = Cˆx·Xx − Cˆy·Xy + Cˆz·Xz, Cˆx, Cˆy, Cˆz > 0
Xhδ = C
δ
x·Xx − Cδy ·Xy + Cδz ·Xz, Cδx, Cδy , Cδz > 0
Xg(hδ) = g
′(hδ)
(
Cδx·Xx − Cδy ·Xy + Cδz ·Xz
)
.
Hence XH is also of this form and satisfies (ψ1), as it is close to the interpolation
of XHˆ and Xhδ . It follows from (ψ1) with the help of the Lyapunov function f
that 1-periodic orbits of XH are either 1-periodic orbits of XH |W inside W or the
constant orbit at the center of Hδ, non-constant orbits on the handle near Σδ ∩Hδ
or Hamiltonian orbits that pass over the handle, go into W and come back. The
last type of orbits is not 1-periodic if the handle is chosen sufficiently thin, so that
the only new orbits after attaching the handle are the constant one at the center
of Hδ and those on the outer boundary of Hδ.
3.4. New closed orbits and their Conley-Zehnder indices
We saw at the end of the last paragraph that all 1-periodic orbits of XH that are
not orbits of XH |W lie on the handle. Moreover, we saw that there exist functions
Cx, Cy, Cz > 0 such that near the handle XH = Cx·Xx −Cy·Xy +Cz·Xz. Hence all new
1-periodic orbits are contained in {x=y=0}. There we have
H(0, 0, z) = ψδ(0, 0, z) =
(
1 +
1 + ε
δ(1+2ε)
)
· z − (1+ε) = ε·er − (1+ε)
in symplectization coordinates adapted to Σδ (see Rem. 26). As hδ = e
r−2, we find
that on {x=y=0} the function Cz is an increasing function in z = 12
∑n
j=k+1(q
2
j + p
2
j)
interpolating between the constants
(
1 + 1+ε
δ(1+2ε)
)
and 1
ε
(
1 + 1+ε
δ(1+2ε)
)
.
For the proof of the Invariance Theorem, we need to determine the 1-periodic Hamilto-
nian orbits of a·H+b+2a for a, b ∈ R. The resulting Hamiltonian vector field is simply
a·XH . Let ϕtH denote its flow. Then we calculate
d
dt
z(ϕtH) = dz(a·XH) = aCz · dz(Xz) = 0.
It follows that z is constant along flow lines of ϕtH and as Cz is a function of z on {x=y=0}
it follows that Cz is also constant along flow lines of ϕ
t
H on {x=y=0}. Introducing the
complex coordinates zj = qj + i · pj, we find that
Xz =
(
0, . . . , 0︸ ︷︷ ︸
j=1,...,k
, . . . , izj, . . .︸ ︷︷ ︸
j=k+1,...,n
)
.
As Xx = Xy = 0 on {x=y=0}, the flow ϕtH on his set is given by
ϕtH(0, . . . , 0, zk+1, . . . , zn) =
(
0, . . . , 0, eiaCzt · zk+1, . . . , eiaCzt · zn
)
. (8)
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A non-constant orbit of a·XH is hence 1-periodic if and only if aCz(z) ∈ 2piZ. As
z = 1
2
∑n
j=k+1(q
2
j+p
2
j), the 1-periodic orbits form families that are diffeomorphic to the
standard sphere S2(n−k)−1, except for the constant orbit at z = 0.
Next, we calculate µCZ for these orbits. Let γ denote a 1-periodic orbit of a·XH . By
identifying Tγ(t)R2n with R2n in the obvious way, we obtain a path Φγ in Sp(2n) given
by Φγ(t) = Dϕ
t(0). Differentiating Φγ yields:
d
dt
Φγ(t) =
d
dt
DϕtH(0) = D
(
d
dt
ϕtH(0)
)
= D a·XH
(
ϕtH(0)
)
= a ·D(CxXx − CyXy + CzXz)(ϕtH(0)) (cf. (7))
= a · diag
(
. . . ,
(
0 Cy
2Cx 0
)
, . . .︸ ︷︷ ︸
j=1,... ,k
, . . . , iCz, . . .︸ ︷︷ ︸
j=k+1,...,n
)
◦ Φγ(t).
Note that no derivatives of Cx or Cy are involved, as Xx=Xy=0 on {x=y=0}. It follows
that Φγ is of block form Φγ = diag
(
Φ1γ, ... ,Φ
n
γ
)
, where the Φjγ are paths of 2×2-matrices
which are solutions of ordinary differential equations with Φjγ(0) = 1 and
d
dt
Φjγ(t) = a
(
0 Cy
2Cx 0
)
Φjγ(t) =
(
0 −1
1 0
)
a
(
2Cx 0
0 −Cy
)
Φjγ(t) j = 1, ... , k
d
dt
Φjγ(t) = iaCz · Φjγ(t) j = k+1, ... , n.
As the matrix a
(
2Cx 0
0 −Cy
)
has for all t signature zero, it follows with (CZ0) that
µCZ(Φ
j
γ) = 0 for 1≤j≤k. For k+1≤j≤n, we find Φjγ(t) = eiaCz ·t and by (CZ1) that
µCZ
(
Φjγ
)
=
⌊
aCz
2pi
⌋
+
⌈
aCz
2pi
⌉
, j = k+1, ... n.
Using the direct sum property, the Conley-Zehnder index of γ is given by
µCZ(γ) = µCZ(Φγ) =
n∑
j=1
µCZ
(
Φjγ
)
= (n−k) ·
(⌊
aCz
2pi
⌋
+
⌈
aCz
2pi
⌉)
.
As Cz≥1, we have µCZ(γ)→∞ for a→∞. Choosing a Morse function with 2 critical
values on S2(n−k)−1, we find that the Morse-Bott index for non-constant γ is given by
µ(γ) = (n−k)
(⌊
aCz
2pi
⌋
+
⌈
aCz
2pi
⌉)
− 1
2
(
2(n−k)−1)+ 1
2
+
{
0
2(n−k)−1
= (n−k)
(⌊
aCz
2pi
⌋
+
⌈
aCz
2pi
⌉)
− (n−k) + 1 + { 02(n−k)−1 .
Since for 1-periodic γ holds aCz(z) ∈ 2piZ, their Morse-Bott indices are of the form
µ(γ) = (n−k)(2l−1) + { 01 for l ∈ N. (9)
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3.5. Handle attachment and Symplectic Homology
In this section, we use our construction of Hamiltonians on subcritical k-handles H to
prove the Invariance Theorem, Cor. 10 for SH+ and Prop. 3, which states that the a.f.g.
property is also invariant under handle attachment.
Proof of Theorem 9 (Invariance Theorem).
We have to show that SH∗(W ) ∼= SH∗(V ) and SH∗(W ) ∼= SH∗(V ), if V is obtained
from W by attaching a subcritical handle H. In fact, we show that the transfer maps
pi∗(W,V ) : SH∗(V )→ SH∗(W ) and pi∗(W,V ) : SH∗(W )→ SH∗(V ),
for the embedding W ⊂ W∪H = V are isomorphisms. By 2.8, Cor. 22, these maps are
the truncation maps SH∗(V )→ SH≥0∗ (W⊂V ) and SH∗≥0(W⊂V )→ SH∗(V ) composed
with the isomorphisms SH≥0∗ (W⊂V ) ∼= SH∗(W ) and SH∗≥0(W⊂V ) ∼= SH∗(W ). There-
fore, we only have to prove that the truncation maps are isomorphisms. The idea is to
construct a cofinal sequence of Hamiltonians (Hl) ⊂ Ad(V ) ∩ Ad(W⊂V ) for which we
can directly show
SH≥0∗ (W⊂V ) = lim−→
l→∞
FH>0∗ (Hl)
(1)' lim−→
l→∞
FH∗(Hl) = SH∗(V )
SH∗≥0(W⊂V ) = lim←−
l→∞
FH∗>0(Hl)
(2)' lim←−
l→∞
FH∗(Hl) = SH∗(V ).
(10)
We assume that all closed Reeb orbits of the contact form α = λ|∂W on ∂W are trans-
versely non-degenerate and that the attaching area does not intersect with any closed
Reeb orbit. This is generically satisfied (see [10], App. B).
Now fix sequences of real numbers (al), (εl), such that al 6∈ spec(∂W,α), al+1 ≥ al,
al →∞ and εl → 0. Then choose an increasing sequence of non-degenerate Hamiltoni-
ans Hl on W that is on ∂W × (−εl, 0] of the form
Hl|∂W×(−εl,0] = al·er −
(
1+εl
)
and extend Hl over the handle by a function ψ with a = al and b = −(1+εl) as described
in 3.2 and 3.3. For each l choose the handle Hl so thin such that each trajectory of XHl
which leaves and reenters the handle has length greater than 1. This is possible as the
attaching sphere is isotropic with dimS = k < n = 1
2
dimV and can hence be chosen to
have no Reeb chords (see App. B).
Note that Ŵ∪Hl is the same symplectic manifold for all choices of Hl, as choosing differ-
ent handles is to be understood as choosing different parametrizations on the cylindrical
part of the completion. Moreover, if Hl is thinner then Hl−1, then ∂(W∪Hl) lies inside
W∪Hl−1 (see Rem. 26). This guarantees that Hl ≥ Hl−1 everywhere, since inside W this
holds by assumption, on the handle this holds by construction and on the cylindrical
part of the symplectization the slope of Hl in coordinates adapted to ∂(W∪Hl−1) is at
least al > al−1, as ∂(W∪Hl) lies inside W∪Hl−1. Thus we obtain a cofinal admissible
sequence (Hl), whose 1-periodic orbits having positive action are all contained in W .
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Recall from 2.4 that we have the long exact sequences
· · · → FH≥0j+1(Hl)→ FH<0j (Hl)→ FHj(Hl)→ FH≥0j (Hl)→ . . .
· · · → FHj−1<0 (Hl)→ FHj≥0(Hl)→ FHj(Hl)→ FHj<0(Hl)→ . . .
and note that FH≥0j (Hl) is generated by all 1-periodic orbits of Hl inside W , while
FH<0j (Hl) is generated by all other orbits. The orbits of negative action all lie on the
handle and are explicitly given in (8). They are all transversely non-degenerate and
their Morse-Bott indices are given by (n−k)(αCz
pi
−1)+{ 12(n−k) . It follows that the pos-
sible values of µ(γ) increase to ∞ as the slope a = al tends to ∞ (see 3.4). Therefore,
FH<0j (Hl) becomes eventually zero as l increases and so does FH
<0
j+1(Hl). This implies
that FHj(Hl)→ FH≥0j (Hl) is an isomorphism for l large enough. As the direct limit is
an exact functor, these maps converge to an isomorphism in the limit, proving (10)(1).
In the cohomology case, the line of arguments is the same. Even though taking inverse
limits is not exact, it still takes the isomorphism FHj≥0(Hn)→ FHj(Hn) to an isomor-
phism in the limit, as it is left exact (see [14], Thm. 5.4 or [4], §6, no.3, prop. 4). This
proves (10)(2), which implies the theorem.
Proof of Corollary 10.
We have to describe SH+(V ) in terms of SH+(W ), if V is again obtained from W by
attaching a subcritical handle H. Recall from 2.8 that the transfer maps fit into the
following commutative diagram of long exact sequences:
// H∗+n(V, ∂V )
j!∗+n

// SH∗(V )
pi∗(W,V )

// SH+∗ (V )
pi+∗ (W,V )

// H∗−1+n(V, ∂V )
j!∗−1+n

//
// H∗+n(W,∂W ) // SH∗(W ) // SH+∗ (W ) // H∗−1+n(W,∂W ) //
. (∗)
The horizontal sequences are obtained by action filtration with SH0∗ (V ) ∼= H∗+n(V, ∂V ).
The vertical maps are the transfer map p˜i∗(W,V ) = pi∗(W,V ) or induced by the transfer
map on the filtered complexes (see proof of Prop. 23 and [39], Thm. 3.1 or [31], Thm.
9.5 for more details). In particular, p˜i∗(W,V ) : SH0∗ (V ) → SH0∗ (W ) is the shriek map
j!∗+n defined as follows. The inclusion j : W ↪→ V induces in singular cohomology the
map j∗ : H∗(V ) → H∗(W ) which induces j!∗ : H2n−∗(V, ∂V ) → H2n−∗(W,∂W ) via the
following commutative diagram using the Poincare´ duality PD:
H∗(V )
j∗

∼=
PD
// H2n−∗(V, ∂V )
j!∗

H∗(W )
∼=
PD
// H2n−∗(W,∂W ).
As V = W ∪ H, it follows from excision that H∗(V,W ) ∼= H∗(H, ∂−H), where ∂−H is
the part of ∂H that is glued to W . Moreover, the quotient H/∂−H retracts to S1, as
H is a 1-handle. Using these facts together with the long exact sequence for the pair
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(V,W ) and the assumption that W has one connected component more than V , it is
not difficult to show that j∗ and hence j!2n−∗ are isomorphisms for ∗ 6= 0 and injective
for ∗ = 0.
By Thm. 9, we know that pi∗(W,V ) is an isomorphism for all ∗. Hence applying the
five-lemma (cf. [23]) to (∗) shows that pi+∗ (W,V ) is an isomorphism for ∗ 6= n, n+1. To
investigate the remaining cases, we look at the following section of (∗):
0 //SHn+1(V )
∼=

//SH+n+1(V )
inj

//Zk−12
inj

//SHn(V )
∼=

//SH+n (V )
surj

//H2n−1(V, ∂V )
∼=

iV //SHn−1(V )
∼=

0 //SHn+1(W ) //SH
+
n+1(W ) //Zk2 //SHn(W ) //SH+n (W ) //H2n−1(W,∂W )
iW//SHn−1(W )
Here, k is the number of connected components of W and H2n(V, ∂V ) ∼= Zk−12 and
H2n(W,∂W ) = Zk2, as V has one connected component less than W . Moreover
H2n+1(V, ∂V ) = H2n+1(W,∂W ) = 0 due to dimensions and pi
+
n (W,V ) is surjective while
pi+n+1(W,V ) is injective, also by the five-lemma. The usual count of ranks in long exact
sequences gives
0 = rkSHn+1(V )− rkSH+n+1(V ) + 1− rkSHn(V ) + rkSH+n (V )− rk ker iV
0 = rkSHn+1(W )− rkSH+n+1(W ) + 2− rkSHn(W ) + rkSH+n (W )− rk ker iW .
As ker iV ∼= ker iW by commutativity of the diagram and SH∗(V ) ∼= SH∗(W ), we obtain
rkSH+n+1(W )− rkSH+n+1(V ) = rkSH+n (W )− rkSH+n (V ) + 1. (∗∗)
pi+n (W,V ) being surjective and pi
+
n+1(W,V ) being injective yields the estimates
rkSH+n+1(W )− rkSH+n+1(V ) ≥ 0 and rkSH+n (V )− rkSH+n (W ) ≥ 0,
which yields together with (∗∗) that
• either rkSH+n+1(W ) = rkSH+n+1(V ) and rkSH+n (V ) = rkSH+n (W ) + 1
• or rkSH+n+1(W )− 1 = rkSH+n+1(V ) and rkSH+n (V ) = rkSH+n (W ).
Proof of Proposition 3.
We have to show that if (Σ, ξ) with contact form α is a.f.g. in degree j with bound bj(ξ),
shown by sequences fl : Σ→ R, (al) ⊂ R, then (Σ̂, ξˆ) obtained by contact surgery along
an isotropic (k−1)-sphere S is also a.f.g., provided that S has no Rl-Reeb chords shorter
than al.
By Rem. 20, we may assume that fl(p) ≤ fl−1(p) ∀ p ∈ Σ and al ≥ al−1. Let
W =
(
(−∞, 0]×Σ, er·α) denote the negative symplectization of (Σ, α). As described
in 3.1, contact surgery along S is realized by attaching a k-handle H along S to ∂W .
Let Ŵ denote the completion of W , that is exactly the whole symplectization of (Σ, α).
As in 2.1, consider the subset Wl of Ŵ defined by Wl:=
{
(r, p)
∣∣r≤f(p), p∈Σ}. We note
that fl(p)≤fl−1(p)≤0 ∀ p implies Wl⊂Wl−1⊂W and that ∂Wl=Σl=
{
(f(p), p)
∣∣ p ∈ Σ}.
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For every l choose the handle Hl attached to Wl so thin, such that each Reeb trajectory
that leaves the attaching area and reenters it later is longer then al. This is possible
as the attaching sphere S does not intersect twice with Reeb orbits shorter then al.
Moreover, choose Hl so thin that Wl∪Hl lies inside Wl−1∪Hl−1 (consult Dis. 27 on how
to interpret Wl∪Hl as a subset of ̂Wl−1∪Hl−1). Note that Ŵl∪Hl and Ŵ∪H are easily
identified since ∂
(
Wl∪Hl
)
can be understood as a contact hypersurface inside the neg-
ative symplectization of ∂
(
W∪H) (see Rem. 26 and Dis. 27).
If we construct the handle Hl with the help of a function ψ as in 3.2 and 3.3, then there
are no closed Reeb orbits on the handle except on the cocore and closed Reeb orbits
that go over the handle into ∂Wl are longer then al if Hl is sufficiently thin.
Let βl denote the contact form on ∂
(
Wl∪Hl
)
. We find that βl agrees with αl away from
Hl. Moreover, the closed Reeb orbits of βl shorter than al are the same as whose of αl
plus the ones on the cocore of the handle. Of the latter there exists by (9) at most one,
if the degree j equals (n−k)N + { 01 for N > 0 odd. This gives the bound bj(ξˆ) = bj(ξ)
or bj(ξˆ) = bj(ξ)+1.
Finally, as Wl∪Hl ⊂ Wl−1∪Hl−1 ⊂ W∪H, we find that if we express βl in coordinates
of the symplectization of ∂
(
W∪H) in the form βl = egl ·β with gl : ∂(W∪H)→ R then
we have
gl(p) ≤ gl−1(p) ≤ 0 ∀ p ∈
(
W∪H).
Hence (gl) and (al) show that the contact structure on
(
W∪H) is a.f.g..
4. Brieskorn manifolds
4.1. General results
In this subsection, we recall the construction of Brieskorn manifolds, their contact struc-
tures and fillings and we give the Morse-Bott index on these manifolds. Then we present
Ustilovsky’s infinitely many different contact structures on S4m+1 and finally, we intro-
duce the special exotic contact structures on S2n−1 announced in Prop. 8.
Let a = (a0, a1, ... , an) be a vector of natural numbers with ai ≥ 2 and define a complex
polynomial f ∈ C∞(Cn+1), f(z) = za00 + za11 + ...+ zann .
Its level sets Va(t) := f
−1(t) are smooth complex hypersurfaces except for Va(0), which
has a single singularity at zero. The link of this singularity Σa := Va(0) ∩ S2n+1 is the
Brieskorn manifold Σa. It is proven in [28] that the following 1-form λa on Cn+1 restricts
to a contact form αa := λa|Σ on Σa defining the contact structure ξa := kerαa, the Reeb
vector field Ra and the Reeb flow ϕ
t
a:
λa =
i
8
n∑
k=0
ak(zkdz¯k − z¯kdzk), Ra = 4i
(z0
a0
, ...,
zn
an
)
, ϕta(z) =
(
e4it/a0·z0, ..., e4it/an·zn
)
.
In order to define Symplectic Homology, we need a Liouville filling (V, λ) of (Σa, αa). To
that purpose, choose a smooth monotone decreasing cut-off function β ∈ C∞(R) with
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β(x) = 1 for x ≤ 1/4 and β(x) = 0 for x ≥ 3/4. Then define
Va := Vε ∩B1(0), where Vε :=
{
z ∈ Cn+1
∣∣∣ za00 + za11 + ...+ zann = ε · β(||z||2)}.
For ε small enough, (Va, λa) is a Liouville domain with boundary (Σa, αa) and vanishing
first Chern class c1(TV ) (see [16], Prop. 2.1.3 or [17], Prop. 99). In [16], Lem. 2.5, it
is shown that the Morse-Bott index for a closed Ra-trajectory v of period t = Lpi/2 is
given by
µ(v) = 2 ·
n∑
k=0
⌈ L
ak
⌉
− 2L+ µMorse(v)− (n−1). (11)
Here, we assume sign(h′′)= +1 for the slope of the Hamiltonian. Note also that the
grading convention in [16] differs from the grading convention used here by 1
2
dim Σa.
Proof of Proposition 8.
We give for every k ∈ Z an example of an a.f.g. contact manifold (Σk, ξk) with exact
filling (Vk, λk) such that rkSH
+
k (Vk) 6= 0 and Σk is homeomorphic to S2n−1. These
manifolds can be chosen as Brieskorn manifolds (Σa, ξa) with their filling (Va, λa) as
described above. Explicitly, we take
Σ+k := Σk = Σa with a = (2, 2, 2, a3, ...., an) for k ≥ n− 1
and Σ−k := Σk = Σa with a = (2, 3, a2, a3, ...., an) for k ≤ n− 2,
where a2 < a3 < ... < an are odd integers which are pairwise coprime and, depending on
k, sufficiently large. The sign on Σ±k is just to distinguish the two cases within this proof.
By [8], Satz 1, these Brieskorn manifolds are homeomorphic to S2n−1. That all (Σk, ξk)
are a.f.g. in every degree follows by Prop. 2, as the standard Reeb flow on Brieskorn
manifolds is periodic. It remains to calculate SH+k (Vk). For that, recall the Reeb flow
ϕta on Brieskorn manifolds
on Σ+k : ϕ
t
a(z) =
(
e2it · z0, e2it · z1, e2it · z2, e4it/a3 · z3, ..., e4it/an · zn
)
on Σ−k : ϕ
t
a(z) =
(
e2it · z0, e4/3·it · z1, e4it/a2 · z2, ..., e4it/an · zn
)
.
If the period t = Lpi/2 is not too large, we find in the first case, k ≥ n−1, that there
are periodic orbits exactly for L ∈ 2Z forming the manifolds
N L =
{
z ∈ Σ+k
∣∣∣zj = 0, j ≥ 3} ∼= {(z0, z1, z2)∣∣∣z20+z21+z22 = 0, ∣∣(z0, z1, z2)∣∣2 = 1} ∼= S∗S2.
On S∗S2, there exists a Morse function with exactly 4 critical points, having Morse
indices 0,1,2,3. Let us denote these critical points on N L by Lγ0, Lγ1, Lγ2, Lγ3. By (11),
we find that their Morse-Bott index is for L < a3 exactly
µ(Lγc) = 3L︸︷︷︸
a0,a1,a2=2
+ 2(n−2)︸ ︷︷ ︸
a3,...,an
−2L+ c− (n−1) = L+ n− 3 + c.
The distribution of these critical points among the degrees j can be visualized as follows
j <n−1 n−1 n n+1 n+2 ... n−1 + 2l n−1 + 2l + 1 ...
Lγc – 2γ0 2γ1 2γ2, 4γ0 2γ3, 4γ1 ... 2lγ2, (2l+2)γ0 2lγ3, (2l+2)γ1 ...
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The first irregularity occurs when a3 = L. For L ≥ a3, we can estimate the index by
µ(v) = 2 ·
n∑
k=0
⌈L
ak
⌉
−2L+µMorse(v)−(n−1) ≥ 3L+2(n−2)−2L+0−(n−1) ≥ a3 +n−3.
So for a3, ..., an sufficiently large, we find that FCk(Vk) is generated by 2 elements (as
given in the table) and by 2γ0 resp. 2γ1 for k = n−1 resp. k = n. It is shown in the
authors thesis, [17] Thm. 109, that the boundary operator between these generators
is zero with respect to Z2-coefficients. Actually, the result was show for Rabinowitz-
Floer homology, but the same argument can also be used to deduce this result for SH+.
Explicitly, the symplectic symmetry (z0, z1, z2, z3, ..., zn) 7→ (−z0,−z1, z2, z3, ..., zn) can
be used to show that all Floer trajectories between these generators come in pairs and
are therefore counted as 0 in Z2-coefficients (see also [36], 3.3). Hence we can conclude
SH+k (Vk)
∼=
{
(Z2)2 for k ≥ n+ 1
Z2 for k = n−1, n
.
In the second case, for k < n−1, we find by the same reasoning that if the period
t = Lpi/2 is not too large, then there are periodic orbits exactly for L ∈ 6Z, forming the
manifolds
N L =
{
z ∈ Σ−k
∣∣∣zj = 0, j ≥ 2} ∼= {(z0, z1)∣∣∣z20 + z31 = 0, ∣∣(z0, z1)∣∣2 = 1} ∼= S1.
On S1, there exists a Morse function with exactly 2 critical points with Morse index 0 or
1. Let them be denoted by Lγ0 and Lγ1. Again by (11), we find that their Morse-Bott
index is for L < a2 given by
µ(Lγc) = 2 · L
2︸ ︷︷ ︸
a0
+ 2 · L
3︸ ︷︷ ︸
a1
+ 2(n−1)︸ ︷︷ ︸
a2,...,an
−2L+ c− (n−1) = −L
3
+ (n− 1) + c.
The distribution of these critical points among the degrees j is as follows
j ... n−1−2l n−1−2l+1 ... n−5 n−4 n−3 n−2 > n−2
Lγc ... 6lγ0 6lγ1 ... 12γ0 12γ1 6γ0 6γ1 –
The first irregularity occurs when L = a2. For L ≥ a2, we can estimate the index by
µ(v) = 2
n∑
k=0
⌈L
ak
⌉
− 2L+ µMorse(v)− (n−1) ≤ 2
n∑
k=0
( L
ak
+ 1
)
− 2L+ 2n−1− (n−1)
= 2L
(
n∑
k=0
1
ak
− 1
)
+ 3n+ 2
a0=2
a1=3= 2L
(
n∑
k=2
1
ak
− 1
6
)
+ 3n+ 2.
Now if
∑n
k=2
1
ak
a < 1
6
and if a2, ..., an are sufficiently large then we find that for all
degrees j > 2a2
(∑n
k=2
1
ak
−1
6
)
+3n+2 that FC+j (Vk) is generated by the unique critical
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point listed in the table. Again, the boundary operator is zero in all these cases. This
can be read off the table as whenever two critical points have index difference one, then
either both lie on the same critical manifold N L ∼= S1, or the one with the bigger index
has less action. In the first case the boundary operator is zero as the Morse boundary
operator on S1 is zero and in the second case there are no connecting Floer trajectories
u, as the action has to decrease along u. Hence we can conclude
SH+k (Vk)
∼= Z2 for k ≤ n−2.
Let us leave the general picture and turn to the Brieskorn manifolds, where
a = (2, ..., 2, p) ∈ Nn+1, p odd and n = 2m+1 odd.
For fixed p, we write Σp, ξp, αp, λp, Vp instead of Σa, ξa, αa, λa, Va. In [8], Satz 1, Brieskorn
showed that Σp is a 4m+1-dimensional homotopy sphere and Σp is diffeomorphic to
S4m+1 if and only if p ≡ ±1 mod 8 and diffeomorphic to the Kervaire sphere otherwise.
For p ≡ ±1 mod 8, the (Σp, ξp) are exactly the exotic contact structures on S4m+1 given
by Ustilovsky in [37]. On Σp, the Reeb flow ϕ
t
p is of the form
ϕtp(z) =
(
e2it·z0, ... , e2it·zn−1 , e4it/p·zn
)
.
Writing t = Lpi/2, we see that ϕtp has periodic orbits exactly for L ∈ 2Z. Note that we
do not have closed orbits of period t=k p
2
pi ⇔ L=kp, since any z ∈ Σp has at least two
non-zero components. The closed orbits with period t = Lpi/2 form manifolds N L of
two types:
• if p - L, then N L = {z∈Σp ∣∣ zn=0} = { z∈Cn+1 ∣∣ zn=0, ∑ z2k=0, ||z||2=1}, which
is diffeomorphic to the unit tangent bundle S∗Sn−1 of Sn−1.
• if p |L, then N L = Σp, which is for p ≡ ±1 mod 8 diffeomorphic to S2n−1.
On S∗Sn−1 there exists a Morse function with exactly 4 critical points of Morse indices
0, n−2, n−1, 2n−3. On S2n−1 there exists a Morse function having exactly 2 critical
points of Morse index 0 and 2n−1. Let us denote these critical points by
Lγ0, Lγn−2, Lγn−1, Lγ2n−3 on N L ∼= S∗Sn−1 if p - L
Lγ0, Lγ2n−1 on N L ∼= S2n−1 if p | L.
With (11) and L ∈ 2Z, we find that the Morse-Bott index µ(Lγc) is given by
µ(Lγc) = nL+ 2
⌈
L/p
⌉− 2L+ c− (n−1) = (n−2)(L−1) + 2⌈L/p⌉+ c− 1
⇒ µ(Lγc) =

(L−1)(n−2) + 2⌈L
p
⌉ − 1 for c = 0
L (n−2) + 2⌈L+1
p
⌉− 1 for c = n−2 and p - L
L (n−2) + 2⌈L+1
p
⌉
for c = n−1 and p - L
(L+1)(n−2) + 2⌈L+2
p
⌉
for c = 2n−3 and p - L,L+1
(L+1)(n−2) + 2⌈L+2
p
⌉− 2 for c = 2n−3 and p | L+1
(L+1)(n−2) + 2⌈L+2
p
⌉
for c = 2n−1 and p | L
Define fp : Z→ Z to be the strictly increasing function fp(l) = (l−1)(n−2) + 2
⌈
l/p
⌉
.
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Theorem 31 (cf. [16], Thm. 2.7).
For n ≥ 5 and k ≥ n holds that SHk(Vp,Σp) = 0, except
rkSHk(Vp,Σp) = 1 if k = fp(l) +
{ −1
0 for l ∈ N and p - l−1,
rkSHk(Vp,Σp) = ? if k = fp(l) +
{ −2
−1 for l ∈ 2N and p | l−1.
The ranks at the place of ? are not known, but are either 0 or 1.
Proof: It follows directly from the above calculations, that the distribution of the
critical points Lγc among the degrees j looks as follows:
j ... fp(l)-1 fp(l) ... fp(l+1)-1 fp(l+1) ... fp(l+2)-1 fp(l+2) ...
Lγc 0 lγ0 (l-2)γ2n−3 0 lγn−2 lγn−1 0 (l+2)γ0 lγ2n−3 0
Here, l ∈ 2Z is even and p - l, l+1. If p | l, then the middle block in the table is missing
and the last entry is lγ2−1 instead of lγ2n−3 (but with the same index!). If p | l+1, then
the last entry lγ2n−3 has index fp(l+2)−2 instead of fp(l+2). As in the proof of Prop.
8, we can directly see that the boundary operator between these generators of FC∗(Vp)
is almost always zero. In fact for any pair of Lγc with index difference one, either both
lie on the same critical manifold N L or the one with bigger index has lower action. The
only exceptions are the cases where p | l+1. As the assumption k ≥ n guarantees that
FCk(Vp) is only generated by Reeb trajectories, we conclude that rkSHk(Vp) is exactly
as claimed.
4.2. Connected sums of Brieskorn spheres
We saw that the Reeb flow ϕtp of αp on Σp is periodic. Unfortunately, the contact surgery
construction needs at least one point that does not lie on a closed Reeb orbit. For this
purpose, we will perturb αp to a new contact form α
′
p defining the same contact structure
ξp. We will use a perturbation due to Uebele, [36], which inspired by the one used by
Ustilovsky in [37]. Note that this is a different perturbation from the one described
in the appendix. The advantage of this perturbation here is that the resulting bounds
bk(ξ
′
p) on the number of generators for Symplectic Homology are smaller.
First, we make the following change of coordinates(
w0
w1
)
=
1√
2
(
1 i
1 −i
)(
z0
z1
)
, w2 = z2, . . . , wn = zn. (12)
In these coordinates Σp =
{
w ∈ Cn+1
∣∣∣ 2w0w1 +w22 + ...+w2n−1 +wpn = 0, ||w||2 = 1}.
Next, introduce a new contact form α′p := K
−1·αp, with K(w) := ||w||2 +ε
(|w0|2−|w1|2),
where ε > 0 is a sufficiently small irrational number. As α′p is obtained from αp by
multiplication with a positive function, they define the same contact structure. In fact,
α′p should be though of as the restriction of λp to the hypersurface Σ
′
p ⊂ R×Σp inside
V̂p defined by Σ
′
p :=
{(− logK(y), y) ∣∣∣ y ∈ Σp}.
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Ustilovsky shows in [37], Lem. 4.1, that the Reeb vector field of α′p is
R′p =
(
2i(1+ε)w0, 2i(1−ε)w1, 2iw2, ..., 2iwn−1, 4i
p
wn
)
.
Hence, the closed Reeb orbits form 4 different types of manifolds parametrized by L ∈ N:
• N˜ L =
{
w ∈ Σp
∣∣∣w0=w1=wn=0} ∼= S∗Sn−3 of Lpi2 -periodic orbits for p - L
• N˜ L =
{
w ∈ Σp
∣∣∣w0=w1=0} ∼= S2n−5 of Lpi2 -periodic orbits for p | L
• N˜ L+ =
{
(w0, 0, ..., 0) ∈ Σp
} ∼= S1 of Lpi2(1+ε) -periodic orbits
• N˜ L− =
{
(0, w1, 0, ..., 0) ∈ Σp
} ∼= S1 of Lpi2(1−ε) -periodic orbits.
Note that the flow of R′p is no longer periodic. In particular points w ∈ Σp with w0, w1, w2
all non-zero do not lie on any closed Reeb orbit. The Conley-Zehnder index for any Reeb
trajectory v of α′p of length Lpi/2 can be computed analogous to [37], Lem. 4.2, and is
given by:
µCZ(v) =
⌊
L(1+ε)
2
⌋
+
⌈
L(1+ε)
2
⌉
+
⌊
L(1−ε)
2
⌋
+
⌈
L(1−ε)
2
⌉
+
n−1∑
k=2
(⌊
L
2
⌋
+
⌈
L
2
⌉)
+
⌊
L
p
⌋
+
⌈
L
p
⌉
−
(⌊
L
⌋
+
⌈
L
⌉)
. (13)
We can choose Morse-functions on N˜ L, N˜ L± having critical points Lγc, Lγ±c with indices
0, n−4, n−3, 2n−7 for p - L or 0, 2n−5 for p | L on N˜L or 0, 1 on N˜ L± . For ε fixed and
Lε ≤ 1, we can estimate the Gauß brackets in (13) calculate the Morse-Bott index as:
• on N˜ L+ for period L1+ε ·pi2 , L ∈ 2N and c ∈ {0, 1}
µ(Lγ+c ) =
⌊
L(1+ε)
2(1+ε)
⌋
+
⌈
L(1+ε)
2(1+ε)
⌉
+
⌊
L(1−ε)
2(1+ε)
⌋
+
⌈
L(1−ε)
2(1+ε)
⌉
+
∑n−1
k=2
(⌊
L
2(1+ε)
⌋
+
⌈
L
2(1+ε)
⌉)
+
⌊
L
p(1+ε)
⌋
+
⌈
L
p(1+ε)
⌉
−
(⌊
L
(1+ε)
⌋
+
⌈
L
(1+ε)
⌉)
− 1
2
dim N˜ L+ + 12 + c
= 2L
2
+
(
L
2
−1+L
2
)
+ (n−2) (L
2
−1+L
2
)
+ 2
⌈
L
p
⌉
− 1− (L−1+L) + c
= (n−2)(L−1) + 2
⌈
L
p
⌉
+
{ −1
0
• on N˜ L for period L·pi
2
, L ∈ 2N, p | L and c ∈ {0, 2n−5}
µ(Lγc) =
(
L
2
+L
2
+1
)
+
(
L
2
−1+L
2
)
+ (n−2)2L
2
+ 2
⌈
L
p
⌉
− 2L− (n−3) + c
=
(n−2)(L−1) + 2
⌈
L
p
⌉
+ 1 c = 0
(n−2)(L+1) + 2
⌈
L+2
p
⌉
− 2 c = 2n−5 as p | L
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• on N˜ L for period L·pi
2
, L ∈ 2N, p - L and c ∈ {0, n−4, n−3, 2n−7}
µ(Lγc) =
⌊
L(1+ε)
2
⌋
+
⌈
L(1+ε)
2
⌉
+
⌊
L(1−ε)
2
⌋
+
⌈
L(1−ε)
2
⌉
+
∑n−1
k=2
(⌊
L
2
⌋
+
⌈
L
2
⌉)
+
⌊
L
p
⌋
+
⌈
L
p
⌉
− (bLc+dLe)− 1
2
dim N˜ L + 1
2
+ c
=
(
L
2
+L
2
+1
)
+
(
L
2
−1+L
2
)
+ (n−2)2L
2
+ 2
⌈
L
p
⌉
−1− 2L− (n−4) + c
=

(n−2)(L−1) + 2
⌈
L
p
⌉
+ 1 c = 0
(n−2) L + 2
⌈
L+1
p
⌉
+
{ −1
0 c = n−4, n−3, as p - L
(n−2)(L+1) + 2
⌈
L+2
p
⌉
− 2 c = 2n−7 if p - L+1
(n−2)(L+1) + 2
⌈
L+2
p
⌉
− 4 c = 2n−7 if p | L+1
• on N˜ L− for period L(1−ε) ·pi2 , L ∈ 2N and c ∈ {0, 1}
µ
(
Lγ−c
)
=
⌊
L(1+ε)
2(1−ε)
⌋
+
⌈
L(1+ε)
2(1−ε)
⌉
+
⌊
L(1−ε)
2(1−ε)
⌋
+
⌈
L(1−ε)
2(1−ε)
⌉
+
∑n−1
k=2
(⌊
L
2(1−ε)
⌋
+
⌈
L
2(1−ε)
⌉)
+
⌊
L
p(1−ε)
⌋
+
⌈
L
p(1−ε)
⌉
−
(⌊
L
(1−ε)
⌋
+
⌈
L
(1−ε)
⌉)
− 1
2
dim N˜ L− + 12 + c
=
(
L
2
+L
2
+1
)
+ 2L
2
+ (n−2) (L
2
+L
2
+1
)
+ 2
⌈
L
p(1−ε)
⌉
−1− (L+L+1) + c
=

(n−2)(L+1) + 2
⌈
L+2
p
⌉
+
{ −1
0 if p - L+1
(n−2)(L+1) + 2
⌈
L+2
p
⌉
+
{ −3
−2 if p | L+1
.
From the above calculations, we can directly read off the number bk(ξ
′
p) of closed Reeb
orbits of α′p having Morse-Bott index k as:
Proposition 32. bk(ξ
′
p) = 0, unless
bk(ξ
′
p) =
{
1 if k ∈ fp(l) + {−2,+1}
2 if k ∈ fp(l) + {−1, 0}
for p - l−1 and 2 | l
bk(ξ
′
p) = 1 if k ∈ fp(l) + {−1, 0} for p - l−1 and 2 - l
bk(ξ
′
p) = 1 if k ∈ fp(l) + {−4,−3,−2,−1, 0,+1} for p | l−1 and 2 | l.
Note that bk(ξ
′
p) = 0 around k = fp(l) if 2p | l−1. In particular holds
bk(ξ
′
p) = 0 if

k ∈ fp(l−1) + {+2,+3,+4,+5}
or k ∈ fp(l) + {−3,−2,−1, 0}
or k ∈ fp(l+1) + {−6,−5,−4,−3},
(14)
due to the following estimate (using n−2 ≥ 3)
fp(l+1)−2 = l(n−2) + 2
⌈
(l+1)/p
⌉−2 ≥ (l−1)(n−2) + 3 + 2⌈l/p⌉−2 = fp(l) +1
≥ (l−2)(n−2) + 6 + 2⌈(l−1)/p⌉ = fp(l−1) +6
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Proof of Theorem 5.
We have to show that if (j, p) 6= (i, q) for i, j, p, q ∈ N and p, q ≡ ±1 mod 8, then j·Σp
and i·Σq are different contact structures on S4m+1 for m ≥ 2. From the Invariance
Theorem (Thm. 9), we obtain that
SHk
(
j·Vp, j·Σp
)
=
⊕
jSHk(Vp,Σp). (∗)
Moreover, ξp is asymptotically finitely generated in every degree k with bound bk(ξ
′
p) for
a contact form α′p not having a periodic Reeb flow. With Prop. 3, it follows that j·ξp is
also a.f.g. in every degree k with bound bk
(
j·ξp
)
= j · bk(ξ′p) if k is not of the form
(2l−1)(n−1) + { 01 , l ∈ N. (∗∗)
For such k, Prop. 7 gives hence for any filling V of (S2n−1, j·ξp) the estimate
rkSHk
(
V, j·Σp
) ≤ j · bk(ξ′p). (∗ ∗ ∗)
We assume without loss of generality p < q and distinguish the following cases:
If q > 2p+1, then (since q is odd) q ≥ 2p+3. Here, we look at the index
k = (2p+1)(n−2) + 2 = (2p+1)(n−2) + 2
⌈
2p+2
q
⌉
= fq(2p+2)
= (2p+1)(n−2) + 2
⌈
2p+2
p
⌉
−4 = fp(2p+2)− 4.
On one hand, we know by the additivity of SH (see (∗)) and Thm. 31 that
rkSHk
(
i·Vq, i·Σq
)
= i · rkSHk(Vq,Σq) = i.
On the other hand, we claim that k is not of the form (∗∗). Otherwise, as k is odd (as
n is odd), there exists l ∈ N such that
(2p+1)(n−2) + 2 = k = (2l−1)(n−1) + 1
⇔ 2p(n−2) + n = (2l−2)(n−1) + n ⇔ p(n−2)
n−1 = l−1.
But this is impossible as p and n are odd. Therefore (∗∗∗) and (14) imply for any filling
V of j · Σ′p that
rkSHk
(
V, j·Σp
) ≤ j · bk(ξ′p) = j · 0 = 0 6= i = rkSHk(i·Vq, i·Σq).
This implies that j · ξp and i · ξq cannot be contactomorphic.
If q < 2p+1, then p < q ≤ 2p−1 and we look a the indices
k = 2p(n−2) + 4 = 2p(n−2) + 2
⌈
2p+1
q
⌉
= fq(2p+1)
= 2p(n−2) + 2
⌈
2p+1
p
⌉
−2 = fp(2p+1)− 2
and k = 2p(n−2) + 3 = fq(2p+1)− 1 = fp(2p+1)− 3
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In both cases, we know by the additivity of SH and Thm. 31 that
rkSHk
(
i·Vq, i·Σq
)
= i · rkSHk(Vq,Σq) = i.
Now, the first value for k is even, while the second one is odd. So if k were of the form
(∗∗), then there exists some l ∈ N such that
2p(n−2) + 4 = (2l−1)(n−1)
⇔ 2p(n−2) + 4 = 2l(n−1)− (n−1) ⇔ p(n−2) + n+3
2
= l(n−1)
or 2p(n−2) + 3 = (2l−1)(n−1) + 1
⇔ 2p(n−2) + 2 = 2l(n−1)− (n−1) ⇔ p(n−2) + n+1
2
= l(n−1).
The first case is impossible for n ≡ 1 mod 4, while the second is impossible for n ≡
3 mod 4. So for k appropriately chosen, we find again rkSHk (V, j · Σp) = 0 for any
filling V of j ·Σ′p by (14) and (∗ ∗ ∗). Hence j · ξp and i · ξq cannot be contactomorphic.
If q = 2p+1, we look at the index
k = (4p+1)(n−2) + 4 = (2q−1)(n−2) + 2
⌈
2q
q
⌉
= fq(2q)
= (4p+1)(n−2) + 2
⌈
4p+2
p
⌉
−6 = fp(4p+2)− 6.
We find again that rkSHk
(
i·Vq, i·Σq
)
= i. Moreover, k is odd, so if k were of the form
(∗∗) for some l ∈ N, then we would have
(4p+1)(n−2) + 4 = (2l−1)(n−1) + 1
⇔ 4p(n−2) + n+ 2 = (2l−2)(n−1) + n ⇔ 2p(n−2) + 1
n−1 = l−1,
which is impossible, as the numerator is odd, while the denominator is even. Thus, for
any filling V of j · Σ′p follows rkSHk (V, j · Σp) = 0 and hence that j · ξp and i · ξq are
not contactomorphic.
Proof of Corollary 6.
On S4m+1, we have to find k different contact structures with the same mean Euler
characteristic χm. In [15], 8.3, Espina calculated χm for (Σp, ξp) as
χm(Σp) =
1
2
· (n−1)p+ 1
(n−2)p+ 2 . (∗)
Alternatively, calculations similar to whose in [25], 5.8, can be used to obtain the same
result. Moreover, in [15], Cor. 5.7, or [7], one finds the following formula for the mean
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Euler characteristic of the boundary connected sum of two Liouville domains V1, V2 with
dimVi = 2n :
χm(V1#V2) = χm(V1) + χm(V2) + (−1)n 12 . (∗∗)
Applying (∗) and (∗∗) to the l-fold connected sum l·Σp of Σp with itself, we obtain:
χm(l·Σp) = l
2
(
(n−1)p+ 1
(n−2)p+ 2 + (−1)
n
)
− (−1)
n
2
.
Note that (n−1)p+1
(n−2)p+2 > 1, as p > 1, so that the expression in brackets is always positive.
Now for any k positive integers p1, ..., pk with pi ≡ ±1 (mod 8) and pi 6= pj for i 6= j,
it is not difficult to find integers l1, ..., lk such that χm(l1 · Σp1) = ... = χm(lk · Σpk). We
just have to require for all 2 ≤ i ≤ k that
li = l1 ·
(n−1)p1+1
(n−2)p1+2 + (−1)n
(n−1)pi+1
(n−2)pi+2 + (−1)n
.
For that, it suffices to chose l1 such that the product on the right side is an integer for
all 2 ≤ i ≤ k. Then all li ·Σpi have the same mean Euler characteristic, but nevertheless
they are not contactomorphic by Thm. 5.
A. Perturbing periodic Reeb flows
The purpose of this appendix is to show that contact manifolds which admit a contact
form with periodic Reeb flow are asymptotically finitely generated in every degree, in
particular via contact forms with a non-periodic Reeb flow. We need such contact forms
for the estimate of the Symplectic Homology of connected sums with these manifolds
(see Prop. 3).
A.1. Setup
Let (Σ, α) be a compact (2n−1)-dimensional contact manifold with contact structure
ξ = kerα and Reeb vector field R such that the flow ϕt of R is periodic, i.e. there exists
a time T0 > 0 with ϕ
T0 = IdΣ. As R(p) 6= 0 for all p ∈ Σ, it follows that the length of a
closed Reeb orbit is bounded from below. Furthermore, any length T ≤ T0 of a closed
Reeb orbit must satisfy T0/T ∈ N. These two facts imply that there are only finitely
many 0 < T1 < ... < TN < T0 such that Tj is the length of a closed Reeb orbit.
The set of diffeomorphisms G := {ϕTj | 0 ≤ j ≤ N} clearly carries the structure of
a finite abelian group which acts on Σ. Let Fix(ϕTj) = {p∈Σ |ϕTj(p)=p} denote the
fixed point set of ϕTj . Using the exponential map of a G-invariant Riemannian metric
g, we can find an ϕTj -invariant neighborhood U around any p ∈ Fix(ϕTj) such that
the action of ϕTj on U is conjugated to the action of Dpϕ
Tj on TpΣ restricted to a
sufficiently small neighborhood B of the origin. We find that U ∩Fix(ϕTj) is conjugated
to B ∩Fix(DpϕTj) = B ∩ ker(DpϕTj−1). This shows that Fix(ϕTj) is a submanifold of
Σ and that TpFix(ϕ
Tj) = ker(Dpϕ
Tj−1).
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As Fix(ϕTj) = N Tj = N Tj+k·T0 , k ∈ N, are exactly the sets formed by the periodic orbits
of R, we find that every contact manifold (Σ, α) with periodic Reeb flow satisfies the
Morse-Bott assumption (MB). Moreover, ξ is an a.f.g. contact structure in almost all
degrees. Indeed, if the mean index ∆(Σ) of the principal orbit Σ = Fix(ϕT0) = N T0 is
non-zero, then we find by the iterations formula (5) that the Conley-Zehnder index of
the orbits N Tj+k·T0 growths approximately linear in k with slope ∆(Σ). Hence there are
only finitely many closed Reeb orbits having any given Morse-Bott index k. If however
∆(Σ) = 0, then the iterations formula implies that the Morse-Bott index of any closed
Reeb orbit stays in the interval (−3n, 3n)5, so no closed Reeb orbit has Morse-Bott index
k with |k| ≥ 3n. Hence, ξ = kerα is a.f.g. in any degree k if ∆(Σ) 6= 0 and in degrees
|k| ≥ 3n if ∆(Σ) = 0. As sequences (fl) and (al) to show that ξ is a.f.g., one can choose
fl ≡ 0 and any increasing sequence (al) with al →∞.
A.2. An explicit perturbation
The following construction was first described in [5], section 2 (see also [25], Lem. 5.17).
We present it here to construct a sequence fl : Σ → R of perturbations of α where the
flow of the Reeb vector fields Rl is not periodic and to add some details missing in the
original argument.
In order to perturb α, we first construct positive Morse functions f¯1, ..., f¯N , f¯0 on the
orbit spaces Qj := Fix(ϕ
Tj)
/
S1. Note that Qj is in general a symplectic orbifold as the
Reeb flow does not act freely on Fix(ϕTj) if there exists an i < j such that Ti|Tj. We
construct the f¯j by the following inductive procedure:
1. Q1 is in fact a smooth manifold. Thus pick any positive Morse function f¯1 on Q1.
2. For Qj, j > 1, the singular set of Qj is exactly Sj =
⋃
Ti|Tj Qi. At first extend
for every i < j with Ti|Tj the functions f¯i to a function f˜j on a small tubular
neighborhood of Sj via the quadratic function v 7→ ||v||2g on the normal bundles to
Qi in Qj (here, g is a fixed invariant metric on Σ). Then extend f˜j to a positive
Morse function f¯j on Qj. If Qj has no singular set, pick any positive Morse
function.
3. Repeat this procedure for all j, in particular up to Q0 = Fix(ϕ
T0)
/
S1 = Σ
/
S1.
Now lift f¯0 to Σ to obtain a function f which is invariant under the Reeb flow ϕ
t. As
R ∈ ker df for any ϕt-invariant function f and as ξ = kerα and α ∧ (dα)n−1 is non-
degenerate, we can associate to any ϕt-invariant function a unique Hamiltonian vector
field Xf by the two conditions
Xf (p) ∈ ξ(p) ∀p ∈ Σ and dα(·, Xf ) = df.
5A more precise estimate is [−3(n−1), 3(n−1)+1]. Conjecturely, the More-Bott index should stay in
[−2n, 2n].
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Now set αλ := (1+λf)·α as the perturbed contact form. Its Reeb vector field Rλ is
Rλ :=
1
1+λf
·R− λ
(1+λf)2
·Xf , since
αλ(Rλ) = (1+λf)α
( 1
1+λf
R− λ
(1+λf)2
Xf
)
=
1+λf
1+λf
α(R) = 1
dαλ(Rλ, ·) =
(
(1+λf)dα + λdf∧α)( 1
1+λf
R− λ
(1+λf)2
Xf , ·
)
= dα(R, ·)− λ
1+λf
dα(Xf , ·) + λ1+λf (df∧α)(R, ·)− λ
2
(1+λf)2
(df∧α)(Xf , ·)
= 0 + λ
1+λf
df − λ
1+λf
df − 0 = 0,
as R ∈ ker df and Xf ∈ ξ = kerα and df(Xf ) = dα(Xf , Xf ) = 0.
Finally, we calculate for the Lie bracket of 1
1+λf
R and −λ
(1+λf)2
Xf that
α
([
1
1+λf
R, −λ
(1+λf)2
Xf
])
= L R
1+λf
α
( −λ
(1+λf)2
Xf
)︸ ︷︷ ︸
=0
−ι −λXf
(1+λf)2
L R
1+λf
α
= −ι −λXf
(1+λf)2
(
ι R
1+λf
dα︸ ︷︷ ︸
=0
+d
(
α
(
1
1+λf
R
)︸ ︷︷ ︸
= 1
1+λf
))
= −λ
(1+λf)2
df
(
−λ
(1+λf)2
Xf
)
= 0
dα
([
1
1+λf
R, −λ
(1+λf)2
Xf
]
, ·
)
= L R
1+λf
dα
( −λ
(1+λf)2
Xf , ·
)− ι −λXf
(1+λf)2
L R
1+λf
dα
= L R
1+λf
λ
(1+λf)2
df − ι −λXf
(1+λf)2
(
ι R
1+λf
ddα︸︷︷︸
=0
+d
(
dα( 1
1+λ
R, ·)︸ ︷︷ ︸
=0
))
= ι R
1+λf
d
(
λ
(1+λf)2
df
)
+ d
(
λ
(1+λf)2
df
(
1
1+λf
R
)︸ ︷︷ ︸
=0
)
= ι R
1+λf
(
λ
(1+λf)2
ddf︸︷︷︸
=0
− −2λ2
(1+λf)3
df ∧ df︸ ︷︷ ︸
=0
)
= 0
⇒ (α ∧ (dα)n−1)([ 1
1+λf
R, −λ
(1+λf)2
Xf
]
, ·
)
= 0.
As α∧(dα)n−1 is a volume form, we conclude that [ 1
1+λf
R, −λ
(1+λf)2
Xf
]
= 0 and hence
that the flows of 1
1+λf
R and −λ
(1+λf)2
Xf commute. This implies that the flow of Rλ is the
composition of these two flows. Closed orbits of Rλ are therefore compositions of closed
orbits of 1
1+λf
R and −λ
(1+λf)2
Xf , where both orbits have the same starting point and the
same period.
In particular, we have closed orbits of Rλ through any critical point p of f . These
correspond exactly to critical points of f¯0. As f¯0 is Morse, we find that the Hessian of
f in the normal direction to the closed R-orbit through p is non-degenerate and hence
that these closed orbits of Rλ are non-degenerate.
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On the other hand we can choose for any given a > 0 the constant λ so small that the
only a-periodic orbits of −λ
(1+λf)2
Xf are the constant ones (see Prop. 33 below). This
implies that for any given a and λ sufficiently small the only closed orbits of Rλ with
period less than a are those over critical points of f¯0. As f¯0 is Morse on a compact
set, we find that their number is finite and independent of λ. In [5], Lem. 2.4, the
Conley-Zehnder index of these orbits through p ∈ Fix(ϕk·Tj) was calculated as
µCZ
(
Fix(ϕk·Tj)
)
− 1
2
dim
(
Fix(ϕk·Tj)
/
S1
)
+ µMorse
(
f¯k·Tj([p])
)
.
Here, f¯k·Tj = f¯i for kTj ≡ Ti mod T0. If the mean index ∆(Σ) of the principal orbit
Fix(ϕT0) = Σ is zero, then this implies that all Conley-Zehnder indices of closed orbits
of Rλ shorter then a stay in the interval (−3n, 3n). If ∆(Σ) is non-zero, then only finitely
many of these orbits have degree k for any given integer k.
Hence, we can choose to any increasing sequences al →∞ a decreasing sequence λl → 0
such that (al) and
(
fl:= log(1+λlf)
)
show that ξ = kerα is asymptotically finitely
generated in degree k, for any k if ∆(Σ) 6= 0 or for |k| > 3(n−1) if ∆(Σ) = 0. Moreover,
the Reeb flow for any αl := e
fl · α is not periodic.
To finish the argument, it only remains to show the following contact version of the
well-known fact that for any C2-small Hamiltonian the only 1-periodic orbits of XH are
the constant orbits at critical points of H.
Proposition 33. Let (Σ, α) be a compact contact manifold with Reeb vector field R and
let H : Σ→ R be a smooth function which is invariant under the flow of R. Then there
exists a constant T > 0 such that each closed orbit of the Hamiltonian vector field XH
(as defined above) with period less than T is a constant orbit at a critical point of H.
Proof: We argue by contradiction: Assume that there exists a sequence of closed XH-
orbits (γl) with periods Tl > 0 and liml→∞ Tl = 0. As Σ is compact, we may assume by
the Arzela-Ascoli Theorem that (γl) converges uniformly to a closed XH-orbit γ with
period T = 0. Hence, γ is a constant orbit at a critical point p of H, as dα(·, XH) = dH.
Around p we can find by the contact version of Darboux’s Theorem (see [20], Thm. 2.5.1)
a neighborhood U and coordinates x1, ..., xn−1, y1, ..., yn−1, z such that p = (0, ..., 0) and
α|U = dz +
n−1∑
j=1
xjdyj.
Note that ∂z is the Reeb vector field in these coordinates. Without loss of generality
we may assume that U = (−ε, ε)2n−1 for some small ε > 0. The quotient Q of U under
the flow of the Reeb vector field ∂z is then easily identified with (−ε, ε)2n−2 with the
coordinates xj, yj, j = 1, ..., n−1. On Q we have the symplectic form ω¯ =
∑
j dxj∧dyj.
If pi : U → Q denotes the quotient map, then it is easy to see that pi∗ω¯ = dα. Moreover,
as H is invariant under the flow of ∂z, we find that it descends to a function H¯ on
Q with H¯ ◦ pi = H. Consequently, we find that the Hamiltonian vector fields satisfy
dpi(XH) = XH¯ . Thus, any closed XH-orbit γ in U yields a closed XH¯-orbit γ¯ = pi ◦ γ in
Q.
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Now recall that on R2n−2 with the symplectic form
∑
j dxj∧dyj it is a well-known fact
that there exists for a C2-bounded autonomous Hamiltonian H¯ a constant T such that
any closed XH¯-orbit of period less then T is constant (see [26], Lemma 2.2). Thus almost
all of the γ¯l are constant. This implies XH(γl) = γ˙l ∈ R∂z = RR for almost all l and
hence that almost all γl are constant, as XH(γl) ∈ ξ — a contradiction to our assumption
on γl.
We finish this appendix by showing the existence of subcritical isotropic spheres S in
Σ satisfying the Reeb chord assumption from Prop. 3. To start, chose p ∈ Σ \ crit(f)
and fix, as in the proof of Prop. 33, a neighborhood U of p and coordinates x1, ..., xn−1,
y1, ..., yn−1, z, such that in these coordinates p = (0, ..., 0) and
α|U = dz +
n−1∑
j=1
xjdyj, Xf (p) = ∂x1 and R = ∂z.
Then consider the subcritical isotropic sphere
S :=
{
(x, y, z)
∣∣∣ k∑
j=1
y2j = ε
2, yj = 0, j > k, z = xj = 0
}
,
with ε > 0 so small, that S ⊂ U . As Xf (p) = ∂x1 , we can assume for ε small enough,
that Xf |S is transverse to the plane E :=
{
(x, y, z)
∣∣ z=x=0} ⊃ S. For each real number
al we can chose λl so small that S has no Rλ-Reeb chords of length shorter than al. This
follows from the facts that the flow of Rλ is the composition of the flows of
1
1+λf
R and
−λ
(1+λf)2
Xf , that the flow of
1
1+λf
R is a reparametrization of the (periodic) flow of R and
that the flow −λ
(1+λf)2
Xf near S is transverse to S and arbitrarily slow for λ sufficiently
small.
B. Isotropic submanifolds avoiding Reeb chords
The following appendix was thankfully communicated to the author by Dingyu Yang.
We include it here as we could not find detailed proofs of the Theorems 42 and 43 below
anywhere in the literature.
Let (M, ξ) be a 2n+1-dimensional cooriented contact manifold and let S ⊂M be a closed
isotropic submanifold (i.e. TS ⊂ ξ|S) of dimension k < n (subcritical). Let ι0 : S → M
denote the inclusion. Let λ be a contact 1-form (ξ = kerλ) with the associated Reeb
vector field Rλ.
Recall the neighborhood theorem of an isotropic submanifold in a contact manifold.
The normal bundle NSM is isomorphic to RRλ ⊕ (TS)dλ/TS ⊕ ξ|S/(TS)dλ0 , where
(TS)dλ :=
{
v ∈ ξ|S
∣∣ dλ(v, v˜) = 0 for all v˜ ∈ TS} and dλ induces a symplectic vector
bundle structure on (TS)dλ/TS. Pick an almost complex structure J on ξ and denote
the Riemannian metric g := λ ⊗ λ + dλ ◦ (Idξ×J). Then (TS)dλ/TS can be identified
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with E := (RRλ ⊕ TS ⊕ JTS)⊥ a subbundle of TM |S. Denote the normal exponential
map exp⊥ : E → M , by restricting the exponential map given by g. Let U(E) be
a (poly)disk bundle on which exp⊥ is a diffeomorphism onto the image. Then the
neighborhood theorem says that an open neighborhood of S in M is contactomorphic
to a neighborhood of the zero section in
(
(Rz×T ∗S)⊕U(E), dz−λ0 +(exp⊥)∗λ
)
6. Here
Rz×T ∗S is the 1-jet bundle over S, λ0 is the canonical 1-form on T ∗S, and the Whitney
sum bundle (Rz×T ∗S)⊕U(E) over S is regarded as a manifold in this local model. This
version of the neighborhood theorem is not explicitly written, but can be directly deduced
from Weinstein’s neighborhood theorem between diffeomorphic isotropic submanifolds
in two contact manifolds with isomorphic normal data (see e.g. [20], Thm. 2.5.8, 6.2.2).
To make this appendix self-contained without the use of the h-principle as a black box,
but sufficient for the main body of this article, we make the following assumption on S.
Definition 34. An isotropic submanifold S in a contact manifold (M, ξ) is said to have
a trivial neighborhood, if (TS)dλ/TS (or equivalently E as above) is a trivial bundle
for some contact form λ (and J on ξ). This condition depends only on ξ and S.
Due to the neighborhood theorem above (and footnote 6), if S has a trivial neighborhood,
then there exists an open neighborhood W of S in (M,λ) and a contactomorphism
Φ : (W,λ)→ ((−δ, δ)z × T ∗δ (S×(−δ, δ)n−k), dz − λst) (15)
of (W,λ) onto an open neighborhood of S×{0}n−k in the 1-jet bundle of S× (−δ, δ)n−k
such that Φ∗(dz−λst) = hλ, where λst is the canonical 1-form in the cotangent bundle and
h is a nowhere vanishing function7. Here, the disc cotangent bundle T ∗δ (S×(−δ, δ)n−k)
is defined using a Riemannian metric gS × g0 on S × (−δ, δ)n−k with g0 standard.
Remarks. For the handle attachment along a subcritical isotropic submanifold S in the
main article, the assumption of having a trivial neighborhood will always be satisfied.
Slightly more generally, if (TS)dλ/TS admits a Lagrangian subbundle L, e.g. if S can be
embedded into a Legendrian submanifold of (M, ξ), one can still argue as below with L
replacing S× (−δ, δ)n−k with minor modifications. One can also get Thm. 43 for finitely
many contact forms for general (TS)dλ/TS, by carefully using the argument below to
achieve (CT) together with the h-principle. It is plausible that full Thm. 43 in general
might be obtainable by more deeply combining h-principle or jet transversality with the
argument below, but it is beyond the scope of this short appendix.
We will assume that S has a trivial neighborhood from now on, unless stated otherwise.
Let ϕt be the Reeb flow of Rλ. For some T ∈ (0,∞], we introduce a mild condition
below for S ⊂ M , called (λ, T )-transversality condition. We aim to show for S ⊂ M
satisfying the (λ, T )-transversality condition, that for a generic perturbation ι of the
inclusion ι0 : S → M (in a suitable perturbation space) which remains an isotropic
embedding from S into M and is isotropically isotopic to ι0, there is no Reeb chord
starting and ending on ι(S) of length ≤ T .
6Here, instead of (exp⊥)∗λ, any other 1-form λE on E as a manifold such that λE |(TE|S) = 0 and
dλE |(Λ2TE|S) = dλ|(Λ2TE|S) ≡ dλ|(Λ2E|S) ⊕ 0 (S is identified with the zero section) will also work.
7h can be taken to be 1 by using the Poincare´ Lemma, but the given form suffices.
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Definition 35. The submanifold S ⊂ M is said to satisfy the (λ, T )-transversality
condition if for some open neighborhood U(S) of S in M , the map e˚v : U(S)×(0, T ]→
M×M, (x, t) 7→ (x, ϕt(x)) is transverse to the diagonal ∆M . We can assume without
loss of generality that for W in the domain of Φ in (15) above, we have W ⊂ U(S).
The condition is only non-vacuous over (x, x) ∈ M×M with ϕt(x) = x ∈ U(S) and
t ∈ (0, T ]. The upper bound T here makes (λ, T )-transversality easier to achieve and
it suffices for applications. Lem. 40 and Cor. 41 below do not use T < ∞ and work
equally for T = ∞. By openness of transversality, we only need to require for the
(λ, T )-transversality that de˚v
(
TM |S×T ((0, T ])
)
and T∆M span T (M×M)|∆S .
Remarks. The (λ, T )-transversality condition is further equivalent to the following:
For each fixed t ∈ (0, T ], the graph gr(dϕt|ξ|S) := {(v, dϕt(v) | v ∈ ξ|S} and the diagonal
∆ξ := {(v, v) | v ∈ ξ} span (ξ×ξ)|∆S = {(v, w) | v, w ∈ ξz, z ∈ S}. This is seen by
freezing the x-variable, and note that de˚v( ∂
∂t
) is (0, 1) ∈ RRλ×RRλ ⊂ T (M×M) and
transverse to the diagonal in RRλ × RRλ.
Examples 36. The following examples satisfy the (λ, T )-transversality condition:
1. When S avoids periodic Reeb orbits of periods T ′ ≤ T . More generally, if λ is such
that all closed orbits of periods T ′ ≤ T form submanifolds of dimensions< 2n+1−k
and {period T ′} is a countable subset of (0, T ], then a perturbation by a generic
normal vector field in the trivial neighborhood (see 15) will displace S away from
closed orbit submanifolds while the result is still an isotropic submanifold and
isotropically isotopic to S8.
2. If λ is non-degenerate, then (λ,∞)-transversality holds by the equivalent definition
in the above remark, and there is no restriction on the submanifold S ⊂M . Note
that (λ, T )-transversality actually requires that λ is (not just transversely) non-
degenerate at the intersections of S with T ′-periodic Reeb orbits, T ′ ≤ T .
The relevant condition for the problem of avoiding Reeb chords is the following:
Definition 37. An embedding ι : S → M is said to satisfy the chord transversality
condition (CT ) if e˚vι : S×S×(0, T ]→M×M, (x, y, t) 7→ (ι(x), ϕt(ι(y))) is transverse
to the diagonal ∆M in M ×M . Note that ϕ0 = Id.
Corollary 38. Let ι : S → M be an embedding of a closed k-manifold into a (2n+1)-
dimensional contact manifold (M, ξ) such that ι satisfies (CT ). If k < n, then ι(S) has
no Reeb chord of length ≤ T .
Proof: A point (x, y, t) ∈ (e˚vι)−1(∆M) in the definition (CT ) specifies the starting
and ending points (ι(y), ι(x)) of a Reeb chord on ι(S) and its length t. By (CT ) and a
dimension count, one finds that (e˚vι)
−1(∆M) is a manifold of dimension 2k+1 + 2n+1
− 2(2n+1)) = 2(k − n) < 0, thus empty.
8This argument is a baby version of the argument in Lem. 40 and Cor. 41 below, and can be easily
done in finite dimensions, as only one S-factor is involved.
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Let us recall the definition of a thickening:
Definition 39. Let g : U → Y be a map. A thickening g˜ : U˜ → Y of g consists of a
fiber bundle projection U˜ → U with a section iU and a map g˜ : U˜ → Y with g˜◦iU = g. U˜
will be a polydisk Banach trivial bundle with the fiber as a perturbation parameter space.
In order to perturb ι0 through isotropic embeddings to an ι satisfying (CT ), we will
proceed in two steps: given ι0 satisfying the (λ, T )-transversality condition, one finds a
thickening I of ι0 satisfying a variant of the (CT ) condition and I(·, c) is isotropically
isotopic to ι0 (see Lem. 40). Then from I one gets a generic perturbation ιc := I(·, c)
of ι0 such that ιc satisfies the (CT ) condition (see Cor. 41).
Since S has a trivial neighborhood, we have a local model given by Φ in (15).
Embed (−δ, δ)n−k in T n−k := (R/ρZ)n−k for ρ > 2δ. Define the Floer- space
C :=
{
f ∈ C∞ (S × T n−k,R)
∣∣∣ f |S×(Tn−k\(−δ,δ)n−k) = 0},
where  = (n)n with 0 = 1 = 1 is a sequence of non-negative reals sufficiently fast
decreasing to 0 such that C is a Banach space with the norm ‖ · ‖C∞ (S×Tn−k,R) (see [18]).
Denote Cδ :=
{
f ∈ C ∣∣ ‖f‖C∞ (S×Tn−k,R) < δ}, a Banach manifold. We will simply use f
to denote f |S×(−δ,δ)n−k and also write f(a, b) for a ∈ S and b ∈ (−δ, δ)n−k.
Similarly, define the Floer- space C∞ (S,R) with the norm ‖ · ‖C∞ (S,R) which is a Banach
space, and denote C∞,δ(S,R) with norm less than δ which is a Banach manifold. Let
N := {s := (s1, · · · , sn−k) ◦ diag | (si)i ∈ (C∞,δ(S,R))n−k} ≡ (C∞,δ(S,R))n−k ◦ diag, where
diag : S → Sn−k is the diagonal map. {grs : x 7→ (x, s(x)) | s ∈ N} is regarded as the
space of smooth sections (with norm control) of the trivial bundle S × (−δ, δ)n−k.
For fixed (f, s) ∈ Cδ ×N , we define an isotropic embedding S →M as follows:
ιf,s : S →M,x 7→ Φ−1(f(x, s(x)), (x, s(x)), d(x,s(x))f) ≡ Φ−1(f(grs(x)), grs(x), dgrs(x)f)
≡ Φ−1(f(grs(x)), grdf (grs(x))),
where grs(x) := (x, s(x)) and we also write df(x˜) := dx˜f for x˜ ∈ S × (−δ, δ)n−k. It
is clearly an embedding as ι0 is perturbed by a ‘normal’ vector field and also isotropic
via the following argument: For grdf ◦ grs ≡
(
x 7→ (grs(x), dgrs(x)f)
)
as a map into the
cotangent bundle restricted to grs(S), we have (grdf ◦ grs)∗λst = grdf ◦ grs, which is
canceled by the differential of the z-coordinate, thus ι∗f,sλ =
1
h
(Φ ◦ ιf,s)∗(dz − λst) = 0.
By first isotoping ιf,(1−t)s, then ι(1−t)f,0 and smoothing out, clearly ιf,s is isotopic to
ι0 ≡ ι0,0 via isotropic embeddings. So we have constructed a (injective) map
emb : Cδ ×N → Embisotι0 (S,M), (f, s) 7→ ιf,s
into the space of isotropic embeddings S →M that are isotropically isotopic to ι0.
Define EV : S × Embisotι0 (S,M)→M, (x, ι) 7→ ι(x) and
I := EV ◦ (IdS × emb) : S × (Cδ ×N )→M, (x, (f, s)) 7→ ιf,s(x).
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Lemma 40. Let S be a closed isotropic submanifold having a trivial neighborhood in a
contact manifold (M, ξ) such that S ⊂ M satisfies the (λ, T )-transversality condition.
Then the thickening I : S×(Cδ×N )→M of ι0 defined above has the following properties:
(i) I(·, c) : S →M is an isotropic embedding and isotropically isotopic to ι0.
(ii) e˚vI : (S × S × (0, T ])× (Cδ ×N )→M ×M ,
((x, y, t), c) 7→ e˚vI((x, y, t), c) := e˚vI(·,c)(x, y, t) ≡ (I(x, c), ϕt(I(y, c))),
is transverse to ∆M in M ×M , here c = (f, s) ∈ Cδ ×N .
Note that condition (ii) says that e˚vI is transverse to ∆M even with the same pertur-
bation parameter for both S factors (essential for carrying out Cor. 41).
Proof: We have already established property (i).
To prove property (ii), we discuss the cases x 6= y and x = y separately.
For x 6= y at the point ((x, y, t), c) with c = (f, s) ∈ Cδ ×N , we consider the map
Ψ : (S × S)× (Cδ ×N )→ Φ(W )× Φ(W ), where Φ is defined in (15),
((x, y), (f, s)) 7→
((
f(x, s(x)), (x, s(x)), df(x, s(x))
)
,
(
f(y, s(y)), (y, s(y)), df(y, s(y))
))
and first show that dΨ generates (0, (a, w)) for any vector (a, w) in the second factor
T(f(grs(y)),grdf (grs(y)))
(
(−δ, δ)× T ∗δ (S×(−δ, δ)n−k)
)
= R× Tgrdf (grs(y))
(
T ∗δ (S×(−δ, δ)n−k)
)
.
Let pi denote the projection T ∗δ (S×(−δ, δ)n−k)→ S × (−δ, δ)n−k. Denote
v := dpi(w) ∈ T(y,s(y))(S×(−δ, δ)n−k) = TyS×Rn−k
and its splitting into factors by (v1, v2). We can find sv ∈ TsN = (C∞ (S,R))n−k ◦ diag
which is 0 near x and is the vector v2− (dys)(v1) ∈ Rn−k at y; so for a path γv1 in S with
γv1(0) = y and γ
′
v1
(0) = v1, the path grs+τsv(γv1(τ)) generates v = (v1, v2). For clarity,
let sdf denote the section of the bundle T
∗
δ (S×(−δ, δ)n−k) defined by the exact 1-form
df , so sdf (y, s(y)) =
(
(y, s(y)), df(y, s(y))
)
. Then
w − (d(y,s(y))sdf )(v) ∈ ker dsdf (y,s(y))pi ∼= T ∗(y,s(y))(S×(−δ, δ)n−k),
where the last identification uses TpF ∼= F canonically for any vector space F . We
can find fa,w ∈ TfCδ = C such that fa,w is 0 near (x, s(x)), and fa,w(y, s(y)) = a,
dfa,w(y, s(y)) = w − (d(y,s(y))sdf )(v). Then the path
τ 7→ grdf+τdfa,w(grs+τsv(γv1(τ)))
generates w. Moreover, for any (a, w), the path
τ 7→ ((f + τfa,w)(grs+τsv(γv1(τ))), grdf+τdfa,w(grs+τsv(γv1(τ))))
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generates (a+ (d(y,s(y))f)(v), w) ∈ T(f(grs(y)),grdf (grs(y)))
(
(-δ, δ)× T ∗δ (S×(-δ, δ)n−k)
)
= R× Tgrdf (grs(y))
(
T ∗δ (S×(-δ, δ)n−k)
)
.
If γ0 is a constant path at x, then the following path generates 0 ∈ TxM :
τ 7→ ((f + τfa,w)(grs+τsv(γ0(τ))), grdf+τdfa,w(grs+τsv(γ0(τ)))).
Therefore, we have shown that(
d((x,y),(f,s))Ψ
)(
(0, v1), (fa′,w, sv)
)
= (0, (a, w)),
where a′ := a− (d(y,s(y))f)(v). Namely,
0×T(f(grs(y)),grf (grs(y)))
(
(−δ, δ)×T ∗δ (S×(−δ, δ)n−k)
) ⊂ (d((x,y,t),(f,s))Ψ)(0×TS×T (Cδ×N )).
dΦ−1 : T
(
(−δ, δ) × T ∗δ (S×(−δ, δ)n−k)
) → TW and dϕt : TM → TM for fixed t are
isomorphisms. So we have shown that the image of
de˚vI |TS×TS×0×T (C×N ) =
(
Id× (dϕt|TM×0)
) ◦ (dΦ−1 × dΦ−1) ◦ (dΨ|TS×TS×T (C×N ))
contains (e˚vI)∗(0×TM), which together with T∆M spans T (M×M), as soon as
e˚vI(x, y, t, c) ∈ ∆M . Note that in this case transversality is achieved even without
using the t-direction.
For x = y, e˚vI((x, x, t), c) = (I(x, c), ϕt(I(x, c))), and de˚vI |∆TM×T ((0,T ])×T (Cδ×N ) and the
diagonal T∆M span T (M×M)|∆M , because of the (λ, T )-transversality together with
the fact that d(x,c)I is a submersion onto I∗(TM) (using a part of the argument from
the previous case), as I(x, c) ∈ W⊂U(S). So we have established property (ii).
To get a perturbation of ι0 from its thickening, we pick a generic value in the perturbation
parameter space independent of S and equal for both S-factors in the evaluation:
Corollary 41. Consider the same setting as in Lem. 40. Write D := S×S×(0, T ],
E := Cδ×N . Z := (e˚vI)−1(∆M) is a submanifold of D×E and pr2|Z : Z ⊂ D×E → E
Fredholm. Then for a regular value c of pr2|Z (existing generically by Sard-Smale) defin-
ing ιc := I(·, c) : S →M , e˚vιc ≡ e˚vI(·, c) is transverse to ∆M in M ×M .
Proof: This genericity trick is classical (and underlies almost all transversality argu-
ments). To quickly see it, dz e˚vI at points z ∈ Z induces an isomorphism
Tz(D×E)/TzZ → Tzˆ(M×M)/Tzˆ∆M
where zˆ := e˚vI(z). If c = pr2(z) is a regular value, then dz(pr2)(TzZ) = TcE . Therefore,
dz e˚vιc = (dz e˚vI)|TzD induces an isomorphism TzD/dz(pr1)(TzZ) → Tzˆ(M×M)/Tzˆ∆M ,
which implies the conclusion.
Theorem 42. Let S be a closed subcritical isotropic submanifold having a trivial neigh-
borhood in a contact manifold (M, ξ) such that S ⊂M satisfies the (λ, T )-transversality
condition for some fixed λ, e.g. obtained from Ex. 36. Then one can find an isotropic
submanifold Sc = ιc(S) with ιc isotropically isotopic to ι0, such that Sc has no Reeb chord
of Rλ of length ≤ T .
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Proof: Lem. 40 and Cor. 41 imply the existence of an isotropic embedding ιc : S →M
isotropically isotopic to ι0 such that ιc satisfies (CT ). The isotropic submanifold ιc(S)
then has no Reeb chord of length ≤ T by Cor. 38.
Theorem 43. Let (Tl) ⊂ R, l ∈ N and let λl be a sequence of contact forms such that
kerλl = ξ and λl = e
flλ1 and S ⊂ M satisfies (λl, Tl)-transversality for all l with the
same U(S) (e.g. λl is non-degenerate for all l as in Ex. 36 (2) with T =∞).
Let Cδ×N and I be as in Lem. 40. Then there exists a comeager set R ⊂ Cδ×N such
that for all c ∈ R holds that ιc = I(·, c) : S → M is an isotropic embedding isotropic
isotopic to ι0, such that Sc := ιc(S) avoids all Reeb chords of Rλl of lengths ≤ Tl,∀ l.
Proof: Consider from Lem. 40 the construction of a thickening I : S×(Cδ×N ) → M
of ι0 with respect to λ1. Namely, start with the tubular neighborhood
Φ : (W,λ1)→
(
(−δ, δ)z × T ∗δ
(
S×(−δ, δ)n−k), dz − λst)
and W ⊂ U(S) (from Defn. 35). Note that I(·, c) is still an isotropic embedding isotrop-
ically isotopic to ι0 in (M,λl) for all l, as
I(·, c)∗λl = I(·, c)∗(eflλ1) = efl(I(·,c))(I(·, c)∗λ1) = 0.
e˚vI,l (where the subscript l signifies the dependence on the Reeb flow ϕtλl of Rλl) is still
transverse to the diagonal ∆M in M×M for all l, as the above argument only uses dϕλl
being an isomorphism. Thus the desired transversality holds verbatim as in Lem. 40.
We apply Cor. 41 to pr2|Zl : Zl → Cδ×N where Zl := (e˚vI,l)−1(∆M). Then the countable
intersection R := ⋂lRl of the sets Rl of regular values of pr2|Zl is comeager and non-
empty in Cδ×N . Any c ∈ R gives an isotropic submanifold Sc := ιc(S) which avoids all
Reeb chords of Rλl of lengths ≤ Tl for all l and is isotropically isotopic to S.
Remarks. Let S be a closed Legendrian submanifold (k = n) such that S ⊂M satisfies
the (λ, T )-transversality with T < ∞, e.g. Ex. 36. Trivially it has a trivial neighbor-
hood, as E = 0 here. The same construction allows us to find a Legendrian embedding
ιc : S →M that satisfies (CT) and is Legendrian isotopic to ι0. Applying the neighbor-
hood theorem to S˜ = ιc(S), we see that for small 0 < t ≤ 0, the Reeb flow ϕt of ∂∂z maps
S˜ within that neighborhood and increases z coordinate from z = 0 in (Rz×T ∗S˜, dz−λst),
thus there is no Reeb chord on S˜ of length ≤ 0. Since e˚vιc : S×S×(0, T ] → M×M is
transverse to ∆M , (e˚vιc)
−1(∆M) is a 0-dimensional manifold by the same argument as in
Cor. 38; points in (e˚vιc)
−1(∆M) correspond to Reeb chords and are just shown to lie in
the compact set S×S×[0, T ], hence form a finite set. So, one can Legendrian isotope a
closed Legendrian submanifold satisfying (λ, T )-transversality with T < ∞ to one that
admits only finitely many Reeb chords of lengths ≤ T . This is useful for setting up
Legendrian SFT.
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